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Abstract

We extend our previous immersed boundary (IB) method for 3D axisymmetric in-
extensible vesicle in Navier-Stokes flows, [W.-F. Hu, Y. Kim, M.-C. Lai, An immersed
boundary method for simulating the dynamics of three-dimensional axisymmetric vesi-
cles in Navier-Stokes flows, J. Comput. Phys. 257 (2014)] to general three dimensions.
Despite a similar spirit in numerical algorithms to the axisymmetric case, the fully 3D
numerical implementation is much more complicated and is far from straightforward. A
vesicle membrane surface is known to be inextensible and exhibits bending resistance.
As in 3D axisymmetric case, instead of keeping the vesicle locally inextensible, we adopt
a modified elastic tension energy to make the vesicle surface patch nearly inextensible so
that solving the unknown tension (Lagrange multiplier for the inextensible constraint)
can be avoided. Nevertheless, the new elastic force derived from the modified tension
energy has exactly the same mathematical form as the original one except the different
definitions of tension. The vesicle surface is discretized on a triangular mesh where the
elastic tension and bending force are calculated on each vertex (Lagrangian marker in
the IB method) of the triangulation. A series of numerical tests on the present scheme
are conducted to illustrate the robustness and applicability of the method. We perform
the convergence study for the immersed boundary forces and the fluid velocity field. We
then study the vesicle dynamics in various flows such as quiescent, simple shear, and
gravitational flows. Our numerical results show good agreements with those obtained
in previous studies.

Keywords: immersed boundary method; inextensible membrane; three dimensional
vesicle; Navier-Stokes equations;

1 Introduction

A vesicle is a liquid droplet with a radius of about 10µm enclosed by a phospholipid mem-
brane suspended in an incompressible viscous fluid media. Such phospholipid membrane
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consists of two-layer tightly packed lipid molecules with hydrophilic heads facing the exterior
and interior fluids while the hydrophobic tails hide in the middle. This bilayer membrane has
the thickness about 6nm and exhibits resistance against membrane dilation and bending.
Therefore, it is quite natural to regard this membrane as an inextensible (or incompressible)
surface with mechanical functions determined by some energy functional [15]. Thus, the dy-
namics of vesicle in fluids can be determined by the membrane inextensibility, bending, and
hydrodynamical forces. The study of vesicle dynamics in fluid flow has become an active
research area in the communities of soft matter physics and computational fluid mechanics
in the past years. For example, understanding of vesicle behaviors in fluid flows might lead
to a better knowledge of red blood cells (RBCs) in blood simply because they both share
similar mechanical behaviors [32]. Certainly, it has other practical applications such as a
drug-delivery vehicle for cancer therapy [38] and a micro-reactor [12] for enzymatic mRNA
synthesis in bioengineering.

The interaction between the vesicle and surrounding fluid makes the dynamics rich
from physical point of view. For instance, a vesicle can undergo tank-treading, tumbling,
or trembling motion under shear flow, see [6] and the references therein. For the past
two decades, the vesicle dynamics in general flows (particularly in shear flow) have been
extensively studied by experiments [21, 23, 6], theories [24, 31, 27, 10], and numerical
simulations, see the detailed references below.

The numerical simulations of the vesicle problem not only involve a two-phase incom-
pressible flow but also require to enforce an inextensibility constraint of the membrane
surface, which makes the problem more challenging. The numerical methods for simulating
vesicle problems in literature can be characterized by how the membrane surface is rep-
resented and how the fluid equations are solved. Based on this characterization, several
methods have been developed such as boundary integral method [25, 41, 42, 3, 43, 47, 11],
level set method [28, 36, 26, 29, 8], phase field method [9, 2, 29, 1], particle collision method
[33], immersed interface method [20, 39], and immersed boundary method or front-tracking
method [17, 19, 46, 16]; just to name a few recent ones. In all of these numerical methods,
how to impose the membrane inextensibility constraint is an important issue. The surface
tension in vesicle problems, which has a different physical meaning from that in general
two-phase flow problems, is unknown a priori and in fact acts like Lagrange multiplier to
enforce the local inextensibility along the surface. This is exactly the same role played by
the pressure to enforce the fluid incompressibility in Navier-Stokes equations.

There are two different approaches to enforce the local inextensibility constraint in lit-
erature. The first one needs to discretize the whole equations first (regardless of using
boundary integral, finite element, or finite difference method) and then to solve the dis-
cretized equations simultaneously for the tension and fluid variables. This approach can be
explicit or semi-implicit depending on how we treat the tension force computations. There
usually exists a trade-off between the time-step stability and efficiency in those algorithms
simply because iterative procedures are needed. Most of the boundary integral method
[43, 3, 47] or level set method [36, 26] fall into this category. Another approach, which was
used in our previous 3D axisymmetric case [16], is called a penalty idea. Instead of keeping
the vesicle membrane locally inextensible, the penalty idea makes the vesicle surface patch
nearly inextensible by introducing a modified elastic tension energy. This approach replaces
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the unknown tension by a spring-like tension depending on the surface configuration so that
we can avoid solving the whole system to obtain the variable tension, which significantly
simplifies the numerical algorithm. In this paper, we extend our previous immersed bound-
ary (IB) method for simulating inextensible vesicles in 3D axisymmetric Navier-Stokes flows
[16] to general three dimensions. We shall show that the new elastic force derived from the
modified tension energy has exactly the same mathematical form as the original elastic force
except for the different definitions of the tension. We validate this approach by performing
several numerical tests in our simulations.

The rest of the paper are organized as follows. In Section 2, we present the govern-
ing equations for the vesicle problem under the immersed boundary formulation. We also
provide some notions in classical differential geometry that will be used to compute the ge-
ometrical quantities of the vesicle surface mathematically and numerically. Then we intro-
duce our approach for a nearly inextensible vesicle surface and derive the elastic boundary
force based on the variational derivative of the modified energy. The detailed numerical
algorithm is described in Section 3; we first explain how to evaluate the mean curvature
vector and bending force terms on an triangulated surface, then outline the complete time-
stepping scheme for the algorithm, and finally discuss how to maintain the surface mesh
quality during the simulations. A series of numerical tests to validate our present algorithm
is given in Section 4 which is followed by conclusion and future work in Section 5.

2 Equations of motion

We consider a single inextensible vesicle Γ(t) suspended in a three-dimensional domain Ω
filled with viscous incompressible Navier-Stokes fluid. For the IB formulation in which the
fluid-related quantities are represented in Eulerian manner while the vesicle-related ones
are in Lagrangian manner, the governing equations can be written as follows.

ρ

(

∂u

∂t
+ (u · ∇)u

)

= −∇p+ µ∆u+ f in Ω, (1)

∇ · u = 0 in Ω, (2)

f(x, t) =

∫

Γ
F(r, s, t)δ(x −X(r, s, t)) dA, (3)

∂X

∂t
(r, s, t) = U(r, s, t) =

∫

Ω
u(x, t)δ(x −X(r, s, t))dx, (4)

∇s ·U = 0 on Γ. (5)

Here, we assume that the fluids inside and outside vesicle have the same density ρ and
viscosity µ. Eqs. (1) and (2) are the incompressible Navier-Stokes equations with the fluid
velocity u(x, t) and the pressure p(x, t), where x = (x, y, z) is Cartesian coordinates in Ω and
t is time. The vesicle boundary is a two-dimensional surface imbedded in Ω and is denoted by
Γ(t) = {X(r, s, t); 0 ≤ r ≤ Lr, 0 ≤ s ≤ Ls}, where r and s are both Lagrangian coordinates.
Notice that, in practice, it is unlikely to keep the global Lagrangian coordinates tracking
the vesicle surface during the simulation so here X(r, s, t) is used just for the representation
purpose.
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In Eq. (3), the Eulerian force density f is a singular force term obtained by the integration
of the Lagrangian force density F over the 2D vesicle boundary Γ while Eq. (4) simply
shows that the vesicle boundary moves along with the local fluid velocity. The interactions
between the Eulerian and Lagrangian descriptions are linked by the 3D Dirac delta function
δ(x) = δ(x)δ(y)δ(z). Eq. (5), which represents the inextensibility condition of the vesicle
surface, says that the surface divergence (denoted as ∇s·) of the surface velocity is zero.
Naturally, this inextensibility condition requires introducing a Lagrange multiplier in the
form of Lagrangian force F which shall be described next.

A vesicle membrane (or vesicle boundary) is known to be inextensible and exhibits a
resistance against bending. Thus, the membrane energy can be modeled by two parts;
namely, the Helfrich-type energy Eb to resist the bending of the membrane [15], and the
tension energy Eσ to enforce the inextensibility constraint [48]. So the total energy is

E = Eb + Eσ =

∫

Γ

(cb
2
H2 + σ

)

dA, (6)

where cb is the bending rigidity, H is the surface mean curvature, and σ is the unknown
tension which acts as a Lagrange multiplier to enforce the inextensibility condition in Eq. (5).
By taking the variational derivative to the surface energy (6), one can derive the vesicle
boundary force F = Fb + Fσ consisting of the bending force Fb and the elastic force Fσ as

Fb =
cb
2

(

∆sH + 2H(H2 −K)
)

n, Fσ = ∇sσ − 2Hσn, (7)

where K is the Gaussian curvature of the membrane surface, n is the unit outward normal
vector to the surface, ∇s is the surface gradient operator, and ∆s is the surface Laplacian
(or Laplace-Beltrami) operator, see [44] for the detailed derivation.

In classical differential geometry [7], the surface gradient ∇sσ of the tension σ on a
surface patch X(r, s) can be computed as

∇sσ =
GXr − FXs

EG− F 2
σr +

EXs − FXr

EG− F 2
σs, (8)

where E = Xr · Xr, F = Xr · Xs, and G = Xs · Xs are the well-known coefficients of
the first fundamental form of X. Note that the subscripts r and s of a function denote
the partial derivatives of the function with respect to r and s, respectively. Similarly, the
surface divergence of a vector field U can be defined by

∇s ·U =
GXr − FXs

EG− F 2
·Ur +

EXs − FXr

EG− F 2
·Us. (9)

Noting that the local surface dilation factor is |Xr ×Xs| =
√
EG− F 2, and using the

vector triple product formula a × (b × c) = (a · c)b − (a · b)c, one can easily obtain the
following useful relations

Xs × n =
GXr − FXs

|Xr ×Xs|
, n×Xr =

EXs − FXr

|Xr ×Xs|
. (10)
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Thus, the surface gradient of the tension σ in Eq. (8) can also be immediately written as a
succinct form without using the coefficients of the first fundamental form as

∇sσ =
(Xs × n)σr + (n×Xr)σs

|Xr ×Xs|
. (11)

One can see later that the present computation for ∇sσ is based on the discretization of
Eq. (11). By applying the Weingarten map [7], one can further obtain the following relation

Xs × nr + ns ×Xr = −2Hn|Xr ×Xs|, (12)

which will also be used in the derivation of the elastic force from the modified elastic energy
in next subsection.

2.1 Approach of nearly inextensible membrane

As in our previous 3D axisymmetric work [16], we adopt an approach of nearly inextensible
membrane in order to avoid solving the unknown tension to enforce the inextensibility
condition given in Eq. (5). To proceed, we start with the derivation of the relationship
between the inextensibility condition and the surface dilation factor |Xr ×Xs|. The rate of
change of surface dilation factor can be derived in the following:

∂

∂t
|Xr ×Xs| =

Xr ×Xs

|Xr ×Xs|
· (Xrt ×Xs +Xr ×Xst)

= n · (Xrt ×Xs) + n · (Xr ×Xst)
(

since n = Xr×Xs

|Xr×Xs|

)

= (Xs × n) ·Xrt + (n×Xr) ·Xst (using (a× b) · c = (b× c) · a)
= (Xs × n) ·Ur + (n×Xr) ·Us (since Xt = U)

=
GXr − FXs

|Xr ×Xs|
·Ur +

EXs − FXr

|Xr ×Xs|
·Us (using Eq. (10))

= (∇s ·U)|Xr ×Xs| (by Eq. (9)) . (13)

This derivation not only reveals the expression of the surface divergence ∇s · U explicitly
but also shows that the condition ∇s · U = 0 is equivalent to the constant dilation factor
over time, which is exactly what the local inextensibility means.

In our model for the vesicle membrane, we relax the inextensibility condition in Eq. (5)
and replace the unknown tension σ in Eq. (7) by a spring-like elastic tension

σ = σ0
(

|Xr ×Xs| − |X0
r ×X0

s|
)

, (14)

where |Xr × Xs| and |X0
r × X0

s| are the local dilation factors at later and initial times,
respectively. By choosing the stiffness constant σ0 to be sufficiently large, we can keep
those two local dilation factors as close as we like. However, since we allow the deviation
of the dilation factor at later times from the initial one, the vesicle membrane is now
nearly inextensible. Note that, the resultant elastic force with the above modified tension
in Eq. (14) can be derived by taking the variational derivative with respect to X to the
following elastic tension energy

Eσ(X) =
σ0
2

∫∫

(

|Xr ×Xs| − |X0
r ×X0

s|
)2

drds. (15)
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2.2 Derivation of elastic boundary force

Since the elastic energy is modified as in Eq. (15), we now seek to obtain the corresponding
elastic force Fσ based on this new energy. Let Y be a perturbation of the surface X and ε
be a small number, then the perturbed energy becomes

Eσ(X+ εY) =
σ0
2

∫∫

(

|(X+ εY)r × (X+ εY)s| − |X0
r ×X0

s|
)2

drds.

Taking the derivative with respect to ε, we obtain

d

dε
Eσ(X+ εY) =

∫∫

σ0
[

|(X+ εY)r × (X+ εY)s| −
∣

∣X0
r ×X0

s

∣

∣

]

(X+ εY)r × (X+ εY)s
|(X+ εY)r × (X+ εY)s|

· [Yr × (X+ εY)s + (X+ εY)r ×Ys] drds.

By setting ε = 0, we have

d

dε
Eσ(X+ εY)

∣

∣

∣

∣

ε=0

=

∫∫

σ0
(

|Xr ×Xs| − |X0
r ×X0

s|
) Xr ×Xs

|Xr ×Xs|
· (Yr ×Xs +Xr ×Ys) drds

=

∫∫

σn · (Yr ×Xs +Xr ×Ys) drds
(

by Eq. (14) and n = Xr×Xs

|Xr×Xs|

)

=

∫∫

σ(Xs × n) ·Yr + σ(n×Xr) ·Ys drds (by the scalar triple product formula)

= −
∫∫

(σXs × n)r ·Y + (σn×Xr)s ·Y drds (by integration by parts)

= −
∫∫

[σrXs × n+ σsn×Xr + σ(Xs × n)r + σ(n×Xr)s] ·Y drds

= −
∫∫

(σrXs × n+ σsn×Xr + σXs × nr + σns ×Xr) ·Y drds

= −
∫∫

(∇sσ − 2σHn) ·Y |Xr ×Xs| drds (by Eq. (11) and (12))

= −
∫

Γ
(∇sσ − 2σHn) ·Y dA (since dA = |Xr ×Xs| drds)

= −
∫

Γ
Fσ ·Y dA.

According to the principle of virtual work, interestingly, the modified tension force Fσ has
exactly the same form as the original one given in Eq. (7) but with different σ described in
Eq. (14).

3 Numerical scheme

In this section, we describe our numerical scheme and some implementation details for
solving the equations of motion presented in the previous section.
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Figure 1: Fluid variables on a staggered MAC grid in 3D (left). Triangular surface patches
that share the vertex Xk (right).

3.1 Grid layouts for Eulerian and Lagrangian variables

In order to solve the Navier-Stokes equations (1)-(2), we lay out a uniform Cartesian grid
with mesh width h = ∆x = ∆y = ∆z in the whole computational domain Ω and define the
Eulerian fluid variables on the staggered marker-and-cell (MAC) grid introduced by Harlow
and Welsh [14]. In the MAC grid layout, the pressure p is defined at the cell center while
the velocity components u = (u, v, w) are defined at the cell faces associated with (x, y, z)
directions, see the left of Figure 1 in detail.

For the vesicle surface Γ, we lay out a surface triangulation and define all Lagrangian
variables such as mean curvature H, elastic force Fσ, and bending force Fb at the vertices of
the triangles which are called the immersed boundary (Lagrangian) markers X. When we
choose a marker (or a vertex, say Xk), the triangles that share the vertex make 1-ring (say
T (Xk)), see the right of Figure 1. On a particular triangle (say the ℓ-th triangle in T (Xk)),
we denote the vertices of ℓ-th triangle in counterclockwise order viewing from outside of the
surface by Xk = X1

ℓ , X
2
ℓ , and X3

ℓ , respectively. Then the unit outward normal vector of the

ℓ-th triangle can be calculated as nℓ =
(X2

ℓ
−X1

ℓ
)×(X3

ℓ
−X1

ℓ
)

|(X2

ℓ
−X1

ℓ
)×(X3

ℓ
−X1

ℓ
)| , and the area of the ℓ-th triangle

can also be easily computed as dAℓ =
∣

∣(X2
ℓ −X1

ℓ )× (X3
ℓ −X1

ℓ )
∣

∣ /2.

3.2 Elastic force computation

As mentioned before, the discrete elastic force Fσ is computed at the vertices of the triangles.
In the following, we shall describe how we compute the elastic tension σ, its surface gradient
∇sσ, and the mean curvature vector H = 2Hn at those vertex points. Once we have
those values, the elastic force density at the vertex Xk can be computed by Fσ(Xk) =
∇sσ(Xk)− σ(Xk)H(Xk).

In a continuous level, the physical meaning of the spring-like tension in Eq. (14) is to
keep the surface patch dilation factor (thus, surface patch area by multiplying drds) close
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to the initial one. Therefore, it is quite natural to compute the tension on each triangle
(say the ℓ-th triangle) by

σℓ = σ̃0
(

dAℓ − dA0
ℓ

)

, (16)

where formally σ̃0 = σ0/(drds), and dAℓ and dA0
ℓ refer to the areas of the same triangle

at two different times. Using the value of σℓ on each triangle, the tension at vertex can be
calculated by

σ(Xk) =
∑

ℓ∈T (Xk)

σℓ/3,

where 1/3 comes from the fact that a triangle consists of three different vertices. Then we
can compute the surface gradient ∇sσ on each triangle by

∇sσℓ =
(X3

ℓ −X1
ℓ)× nℓ

2 dAℓ
(σ2ℓ − σ1ℓ ) +

nℓ × (X2
ℓ −X1

ℓ )

2 dAℓ

(

σ3ℓ − σ1ℓ
)

, (17)

where σiℓ (i ∈ {1, 2, 3}) are the values of σ at vertices Xi
ℓ (see the vertices layout in the

right of Figure 1). The above formula is simply a direct discretization of surface gradient in
Eq. (11) under triangular mesh. Once we have the surface gradient approximation on the
triangles, we can estimate the same quantity at the vertex Xk by

∇sσ(Xk) =
∑

ℓ∈T (Xk)

ωℓ∇sσℓ,

where ωℓ =
dAℓ/3

dA(Xk)
is the corresponding area-weight for the surrounding triangle. Note that,

the effective local area at the vertex Xk is approximated by dA(Xk) =
∑

ℓ∈T (Xk)
dAℓ/3.

This kind of area-weighted approach to obtain some geometric quantities at vertex from
the values of surrounding facets is quite popular in literature such as in [46, 45, 3, 11].

As for the mean curvature vector, we adopt the same formula used in the 3D foam paper
by Kim et. al. [18]. That is, the mean curvature vector H = 2Hn at each vertex Xk can
be computed by

H(Xk) =
1

2dA(Xk)

∑

ℓ∈T (Xk)

nℓ ×
(

X3
ℓ −X2

ℓ

)

, (18)

where X1
ℓ = Xk and Xi

ℓ for i ∈ {2, 3} have the same geometric locations as illustrated in the
right of Figure 1. Surprisingly, the mean curvature obtained by above formula is equivalent
to the well-known cotangent formula in Meyer et. al. [30]. We leave this equivalence
derivation for both formulas in Appendix. One should also mention that, the above formula
for mean curvature vector can be regarded as a discrete version of

∫

S 2HndA =
∮

∂S n×dX
over a smooth surface patch S [40].
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3.3 Bending force computation

In order to compute the bending force Fb(Xk) at the vertex Xk, we follow the idea used in
[45]. To proceed, we begin with the discrete version of bending energy in Eq. (6) as

Eb[X] =
cb
8

Nv
∑

k=1

|H(Xk)|2 dA(Xk), (19)

where H = 2Hn is the mean curvature vector as before and Nv is the total number of
vertices in the surface triangulation. Substituting the mean curvature vector formula of
Eq. (18) into (19), Wu et. al [45] derived the following discrete bending force acting at the
vertex Xk,

Fb(Xk)dA(Xk) =
cb
8

∑

ℓ∈T (Xk)

(

(Hℓ − nℓ ·Cℓ)

(

1

2
nℓ ×Ek

ℓ

)

+
1

2
Cℓ ×Ek

ℓ + nℓ × hk
ℓ

)

, (20)

where

Hℓ =
1

3

∑

p∈V (ℓ)

|H(Xp)|2, Cℓ =
1

dAℓ

∑

p∈V (ℓ)

E
p
ℓ ×H(Xp),

Ek
ℓ = X3

ℓ −X2
ℓ , hk

ℓ = H(X3
ℓ )−H(X2

ℓ ). (21)

Note that, as usual, Xi
ℓ for i ∈ {2, 3} are ordered in a counterclockwise direction (viewing

from outside) by fixing X1
ℓ = Xk to calculate Ek

ℓ and hk
ℓ in Eq. (21).

3.4 Time-stepping scheme

Once we know how to represent the vesicle surface and how to compute the elastic tension
and the bending force on the triangular mesh, the time integration of our scheme completely
follows the traditional IB framework [34]. Let us denote the time step size by ∆t and the
superscript n as the time step index. At the beginning of each time step n, the vesicle
configuration represented by the Lagrangian markers Xn

k (the vertices of surface triangular
mesh) and the fluid velocity un on Eulerian grid are both given. So the numerical procedure
of the IB method to obtain un+1 and Xn+1

k can be performed as follows.

1. Compute the Lagrangian boundary force at the Lagrangian markers by

F(Xn
k)dA(X

n
k) = Fb(X

n
k)dA(X

n
k ) + Fσ(X

n
k)dA(X

n
k) (22)

where the elastic tension force Fσ and the bending force Fb are computed using the
formulas described above.

2. Spread the Lagrangian boundary force into the Eulerian grid using the smoothed
Dirac delta function δh as

fn(x) =
Nv
∑

k=1

F(Xn
k) dA(X

n
k )δh (x−Xn

k) , (23)
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where x = (x, y, z) is the fluid mesh point. For δh(x) = 1
h3φ

(

x
h

)

φ
( y
h

)

φ
(

z
h

)

, we
employ

φ(r) =



















1
8

(

3− 2|r|+
√

1 + 4|r| − 4r2
)

, if |r| ≤ 1,

1
8

(

5− 2|r| −
√

−7 + 12|r| − 4r2
)

, if 1 < |r| ≤ 2,

0, otherwise.

(24)

3. Solve the Navier-Stokes equations. This can be done by the following backward
second-order projection method [13] in which the nonlinear term is approximated
by the Adams-Bashforth scheme.

ρ

(

3u∗ − 4un + un−1

2∆t
+ 2 (un · ∇h)u

n −
(

un−1 · ∇h

)

un−1

)

= −∇hp
n+µ∆hu

∗+fn,

∆hp
∗ =

3ρ

2∆t
∇h · u∗,

∂p∗

∂n
= 0 on ∂Ω, u∗ = un+1 on ∂Ω,

un+1 = u∗ − 2∆t

3ρ
∇hp

∗,

∇hp
n+1 = ∇hp

∗ +∇hp
n − 2µ∆t

3ρ
∆h(∇hp

∗),

where∇h, ∇h·, and ∆h are the second-order central difference operators which approx-
imate the gradient, divergence, and Laplace operator, respectively, under staggered
MAC grid setting. For the nonlinear terms, the skew-symmetric form is applied as
(u · ∇h)u = 1

2 (u · ∇h)u + 1
2∇h (uu). One can see that the most time-consuming

part in this step is to solve one Poisson equation for the pressure and three modified
Helmholtz equations for the velocity field. Fortunately, these elliptic solvers can be
implemented efficiently using Fast Fourier Transform (FFT).

4. Interpolate the new velocity from the Eulerian fluid points to the Lagrangian markers
and then advance the markers to new positions by using

Xn+1
k = Xn

k +∆t
∑

x

un+1(x)δh(x−Xn
k)h

3.

3.5 The maintenance of triangular mesh quality

As mentioned before, we use triangular mesh to track the shape of the vesicle. To make
an initial triangulation of the surface, we start by producing an icosahedron (20 triangles)
on a unit sphere and then divide each triangle into 4 smaller triangles by connecting the
midpoints of all edges. We then project all the new vertex points onto the unit sphere. This
refinement-projection procedure is continued until proper resolution is achieved on the unit
sphere. Then the initial configuration of various types of a vesicle can be constructed by
applying a given function in spherical coordinates of (θ, φ), where (θ, φ) ∈ [0, 2π] × [0, π].

Since the vesicle surface might deform severely during the numerical simulations in
dynamic flow, we apply a proper re-meshing technique to the triangular mesh to maintain
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Figure 2: Re-meshing triangulation by edge addition (top) and deletion (bottom).

the grid resolution over the surface. If the triangular mesh is too coarse, there could be
some volume leakage through the boundary surface, and if it is too fine, a severe time step
constraint for numerical stability could be occurred. We maintain proper resolution of the
triangular mesh by simply adding or deleting marker points (and thus the triangles) as
needed, in the following way.

At each time step, we scan the length of three edges for each triangle and make sure that
each edge-length is between Lmax = 0.5h and Lmin = 0.24h, where h is the spatial mesh
width. If the length of an edge is larger than Lmax, we add a new marker in the middle of
that edge and then create more new triangles as illustrated in the upper panel of Figure 2.
We remark that the sum of area of all triangles through this refinement process is equal to
the area of the original configuration. Meanwhile, if the length of an edge is less than Lmin,
we delete this edge and replace the two end points of the edge by a point located in halfway
between them, see the bottom panel of Figure 2. This process deletes two triangles which
previously share the same edge. This strategy for re-meshing was applied to the numerical
simulations for 3D foam dynamics in [18].

If we re-mesh the triangulation of a vesicle surface at some time step through the addition
or deletion of an edge, the area of some triangles would change accordingly, see Figure 2.
This certainly makes the entire numerical algorithm more complex since we adopt the nearly
inextensible approach of a vesicle which uses the area difference of the triangle at later and
initial times. To overcome this difficulty, when a re-meshing of the vesicle surface occurs
at time t, we also apply the same re-meshing procedure to the initial surface so that an
one-to-one mapping continues to exist between dAℓ and dA0

ℓ in Eq. (16).

4 Numerical results

We perform a series of numerical tests for three-dimensional vesicle simulations in fluid flows.
We begin by checking the rate of convergence of the developed scheme for the computation
of the mean curvature, bending force, fluid variables, and vesicle configuration. Then, we
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choose different stiffness coefficient σ̃0 to study its effect on the nearly inextensibility by
comparing local and global surface areas. As applications, we simulate the dynamics of a
suspended vesicle in quiescent, simple shear, and gravitational flows. Throughout this paper,
we choose the fluid density ρ = 1, the viscosity µ = 1, the bending coefficient cb = 0.02, and
the grid size 1283, unless otherwise stated. The number of triangles used for an initial vesicle
surface is chosen either 81920 or 327680 with the corresponding number of vertices 40962 or
163842 so that the volume leakage error is less than 1% for all simulations we have performed.
Because of the vesicle deformation under dynamic flows, the redistribution of triangular
mesh points described in the previous section is applied to maintain a proper resolution
of a discretized vesicle. For a given initial vesicle shape, two important dimensionless
quantities are determined; namely, the effective radius R0 =

√

A/(4π) and the reduced
volume ν = V/

(

4πR3
0/3

)

where A is the surface area and V is the enclosed volume of the
vesicle. The quantity R0 represents the radius of a sphere which has the same surface area
as the vesicle, whereas ν represents the volume ratio between the vesicle and that sphere.

4.1 Accuracy check for mean curvature and bending force

As the first test, we check the accuracy of the numerical schemes in Eqs. (18) and (20)
for computing the mean curvature and the bending force, respectively. Here, we consider
the following three different surfaces described in spherical parametric coordinates (θ, φ) ∈
[0, 2π]× [0, π] for which the mean curvature and other geometrical quantities in the formula
for the bending force can be computed analytically.

1. Unit sphere: X(θ, φ) = (cos θ sinφ, sin θ sinφ, cos φ),

2. Ellipsoid: X(θ, φ) = (0.5 cos θ sinφ, 0.5 sin θ sinφ, cos φ),

3. Biconcave surface: X(θ, φ) =
(

cos θ sinφ, sin θ sinφ, (0.1242 + 0.8012 sin2 φ− 0.4492 sin4 φ) cosφ
)

.

We draw the biconcave surface together with its triangular mesh in the upper-left panel
of Figure 3. In order to compare the mean curvature H at the vertices on the surface,
we project the vertices onto the xy-plane and calculate the normalized distance r from the
projected vertices to the origin O. For the biconcave surface, the symbols in the lower-left
panel of Figure 3 indicate the projected vertices. In the right panel, we show the point-
wise values of the mean curvature with respect to the distance r for all the three different
surfaces. The symbols represent the numerical values while the solid lines represent the
exact values of the mean curvatures. One can see that the numerical values for the mean
curvature match with the exact values quite well except at two points with r ≈ 0, 0.9. We
attribute this discrepancy to the defect of current triangulation, since these two points have
only five neighboring triangles rather than six.

Even though the point-wise values of the computational mean curvature can behave
not well at some vertices, as we can see from the left panel of Figure 4, the L2 errors
for the mean curvature computation behave like first-order convergence under the current
triangulation as we increase the number of triangles. (The L2 error of some function ψ

is calculated as
√

∑Nv

k=1 |ψe(Xk)− ψ(Xk)|2 dA(Xk), where ψ
e(Xk) is the exact value and

ψ(Xk) is the computed value. For a vector-valued function, the absolute value should be
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Figure 4: The L2 errors for the mean curvature H (left) and the bending force FbdA (right)
as functions of the number of triangles.

replaced by the vector norm.) We also show the L2 errors for the bending force Fb dA with
cb = 1 in the right panel of Figure 4. It is important to mention that, instead of studying
the convergence of Fb, we study the convergence of Fb dA. This is simply because the latter
one is the immersed boundary force used in Eq. (22). Again, one can see that the bending
force computation still behaves like first-order convergence as we increase the number of
triangles.

We should make a remark that, for general unstructured surface triangulations, the
above computational values for mean curvature or bending force may not converge at all.
In order to have the point-wise convergence for the mean curvature, one should construct
at least a local quadratic surface at each vertex to estimate those geometric quantities [46].
However, that would make our code implementations more complicated and we leave a
further improvement for computations of those geometrical quantities to future work.
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4.2 Study on different stiffness parameter σ̃0

In the usage of nearly inextensible approach introduced in Section 2.1, we should choose
the stiffness parameter σ̃0 in Eq. (16) large enough to keep the vesicle nearly inextensible.
We here test three different values of σ̃0 = 6 × 104, 6 × 105, 6× 106 to see how this change
affects the local and global preservations of surface area. We put an oblate vesicle with the
initial shape as

X(θ, φ) = (cos θ sinφ, sin θ sinφ, cosφ/3.5) (25)

in a quiescent flow of which the reduced volume is around ν = 0.643. The computational
domain is chosen as Ω = [−2, 2]3, and the grid number N = 128 is used for all spatial
directions so the mesh width is h = 1/32. The number of triangles used in the initial
vesicle surface is about 81920 with 40962 number of vertices. The time step size is chosen
as ∆t = h/16.

Figure 5 shows four time evolutionary plots; namely (a) the maximum relative error of
the local surface area ‖(dAt(X) − dA0(X))/dA0(X)‖∞, (b) the relative error of the global
surface area |At−A0|/A0, (c) the relative error of the global volume |V t− V 0|/V 0, and (d)
the total energy. One can see from Figure 5 (a) and (b) that the local and global errors
of the surface area decrease as the elastic stiffness σ̃0 increases. More precisely, when the
cases of stiffness parameter σ̃0 = 6 × 105 or 6 × 106, the maximum relative errors of the
local surface area are about 1% while the relative errors of the global surface area are less
than 0.1% and 0.01%, respectively. It is also interesting to mention that the global error
decreases from the order of 10−2 to the order of 10−4 in the factor of 1/10 as we increase
σ̃0 by a factor of 10. Figure 5 (c) shows that the relative error of the global volume of the
vesicle also decreases after some time as the elastic stiffness increases. Although not shown
here, the vesicle shape dynamics for the three cases are similar as we can see from Figure 5
(d) that the total energies match well.

4.3 Study on vesicle configuration and fluid velocity

We here perform the convergence study for the present numerical algorithm. Again, we
put an oblate vesicle with the same shape as in the previous subsection in quiescent flow
initially. The computational domain is the same as before and we choose four different
Cartesian grid sizes N = 32, 64, 128, 256 to study the convergence. For the vesicle surface
triangulation, as we double the grid size N , we need to halve all the edges of the triangles
so that the number of triangles used must be increased by a factor of four correspondingly.
(For the case of N = 32, we use 5120 number of triangles which corresponds to 2562 number
of vertices.) To be consistent, we also need to increase the stiffness parameter by a factor
of four as we double the grid size, that is σ̃0 = (N/32)2104. The time step size is ∆t = h/8.

Figure 6 shows the rate of convergence for the velocity components u = (u, v, w) and the
vesicle configuration X at some different times up to T = 10. Since the analytic solution is
not known, we estimate the error on each grid by using the numerical solution in the next
finer grid as the reference solution. In this case, for the numerical value of the x-component
of the velocity uN with the grid size N , the convergent ratio can be computed using the two
successive errors as ratio = log2(‖uN −u2N‖∞/‖u2N −u4N‖∞). (The ratios for the velocity
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Figure 5: The comparison for three different stiffness parameters: σ̃0 = 6 × 104(△), 6 ×
105(�), and 6 × 106(©). (a) the maximum relative error of the local surface area; (b) the
relative error of the global surface area; (c) the relative error of the global volume; (d) the
total energy.

components v,w and the vesicle configuration X are defined similarly.) One can see from
Figure 6 that the average ratio is around one, which indicates that our numerical method
is roughly first-order accurate. This confirms that the IB method is first-order accurate in
general. It is also interesting to mention that the velocity components u and v have pretty
similar convergence behaviors due to the axis-symmetric property of the vesicle surface in
the present 3D simulations.

4.4 A suspended vesicle in quiescent flow

We choose a suspended vesicle with three different initial shapes and study their equilibrium
in quiescent flow. The initial shapes of the suspended vesicle are the following:

• Oblate surface: X(θ, φ) = (cos θ sinφ, sin θ sinφ, cos φ/3.5)

• Prolate surface: X(θ, φ) = (0.2 cos θ sinφ, 0.2 sin θ sinφ, cosφ)

• Oscillatory surface [42]: X(θ, φ) =
(

3
20r(φ) cos θ sinφ,

3
20r(φ) sin θ sinφ,

3
25r(φ) cos φ

)

,

where r(φ) =
√

cos2 φ+ 9 sin2 φ+ cos2(4φ).
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Figure 6: The ratios of convergence for the fluid velocity (u, v, w) and the vesicle configu-
ration X. Left: N = 32; Right: N = 64

These vesicles have approximately the reduced volume ν = 0.64, 0.63, and 0.60 correspond-
ingly. The computational setup uses Ω = [−2, 2]3, cb = 0.02, σ̃0 = 6× 105, and ∆t = h/16.
In Figure 7, the two upper-left panel show the oblate vesicle at two different times (t = 0
and t = 19.5) where the latter one is in equilibrium. The equilibrium shape turns out to be
a biconcave one which is a typical shape of RBCs. For the prolate vesicle in the two upper-
right panel, the equilibrium shape turns to be a dumbbell one. For the oscillatory vesicle
in the lower panel, the transition is more complicated so we provide four snapshots at four
different times. One can see that the equilibrium shape also becomes a typical biconcave
one which is in good agreement with those obtained in literature [42, 16] despite the fact
that the present simulations are fully 3D. The present results show not only the numerical
stability of our scheme but also a good preservation of the symmetric structure.

Figure 7: Suspended vesicles in quiescent flow. Oblate vesicle (two upper-left panels);
Prolate vesicle (two upper-right panels); Oscillatory vesicle (lower panels)
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Figure 8: The simulation setup of a vesicle motion in a shear flow (top) and the tank-
treading motion of a vesicle with ν = 0.8 in a shear flow with χ = 100 (bottom).

4.5 A vesicle in shear flow

We simulate the dynamics of a prolate vesicle in a simple shear flow u = (ǫ̇sz, 0, 0), where
ǫ̇s is the shear rate, see the schematic view of the problem setup in Figure 8. It is well-
known that there are three different flow regimes; namely, (1) a stationary tank-treading
(TT) regime where the vesicle exhibits a tank-treading motion with no change of its shape
in time, (2) a tumbling (TB) regime where the vesicle tumbles like a rigid body motion,
and (3) a trembling (TR) regime where the major axis of the vesicle oscillates about the
shear flow direction. It has been well studied in literature (see [6]) that the above three
regimes can be fully characterized by the non-dimensional shear rate χ = ǫ̇sµR

3
0/cb, the

viscosity contrast λ (the viscosity ratio between the interior and exterior fluids), and the
reduced volume ν. Here, we restrict our flow regime to be tank-treading by choosing the
viscosity contrast λ = 1 and investigate the dependence of the tank-treading motion of the
vesicle on the non-dimensional shear rate χ and the reduced volume ν. We use a larger
computational domain Ω = [−3, 3]3 and a smaller Reynolds number Re = 10−3 ≪ 1 so that
we can compare our computational results with the ones obtained in Stokes regime such as
in [25].

The initial vesicle is chosen as a prolate shape as shown in the previous subsection with
four different reduced volume ν = 0.8, 0.9, 0.95, and 0.975 by keeping the effective radius
fixed R0 = 1 but adjusting the aspect ratio. As the shear flow turns on, the vesicle aligns
with the flow direction so that a stationary tank-treading (TT) motion occurs while the
vesicle shape does not change in time, see the bottom panels of Figure 8. This feature
discriminates inextensible vesicle from liquid droplet that elongates its shape as the linear
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Figure 9: The plot of the inclination angle (left) and the scaled mean angular velocity
(right) as functions of reduced volume ν for different dimensionless shear rate χ.

shear rate increases [35]. The inclination angle is defined as the angle between the x-axis
and the major axis L of a vesicle projected onto the xz-plane, see Figure 8. This tank-
treading motion can be characterized by the inclination angle θ and the scaled mean angular
velocity (or revolution frequency) ω/ǫ̇s. The frequency ω can be computed using the formula

ω = 1
Nv

∑Nv

i=1
|r×v|
|r|2

, where r and v are the position and velocity of the vertices projected on

the xz-plane, respectively. Figure 9 shows the inclination angle (left) and the scaled mean
angular velocity (right) versus the reduced volume for several different dimensionless shear
rates: χ=1, 5, 10, 50, and 100. One can see from Figure 9 that the inclination angle and the
scaled mean angular velocity are strongly dependent on the reduced volume while they are
almost independent of dimensionless shear rate, which confirms the observation obtained in
theoretical and computational results of [25].

4.6 A vesicle under the gravity

As in [3, 43], we study the shape deformation under gravitational effect by considering
different fluid density across the vesicle boundary. To simulate this problem, we simply
add an interfacial force FgdA(X) = (ρi − ρe)(g ·X)dA(X)n into Eq. (22) where ρi and ρe

are interior and exterior fluid densities, respectively, and g = (0, 0,−1) is the dimensionless
gravitational field. Here, we consider two different initial shapes (prolate and oblate) of
vesicle described by

• X(θ, φ) = (0.5 cos θ sinφ, 0.5 sin θ sinφ, cos φ),

• X(θ, φ) = (0.75 cos θ sinφ, 0.75 sin θ sinφ, 0.375 cos φ),

which have the reduced volumes ν = 0.895 and ν = 0.872, respectively.
The prolate vesicle is placed at different tilted angles η = 0, π/4 and π/2 initially to see

how the initial orientation affects the equilibrium shape. A few snapshots up to equilibrium
for the prolate vesicle with the three different tilted angles are shown in the first three
columns in Figure 10. The prolate vesicle with the tilted angle η = 0 and π/4 tends to
deform into a ‘pear-like’ shape, whereas the one with the tilted angle η = π/2 tends to
deform into a ‘bean-like’ shape. The oblate vesicle shown in the fourth column tends to
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Figure 10: The prolate vesicle with three different tilted angles η = 0, π/4, π/2 (first to
third column) and oblate (fourth column) vesicle under the gravity. All the snapshots are
taken at the same time.

deform into a ‘parachute-like’ shape. Although not shown here, the cross-sectional views
of the vesicle configurations are pretty similar to those in our previous 3D axisymmetric
study [16], indicating that our present vesicle modeling preserves symmetric structure well.
Furthermore, the deformations of these vesicles under gravity are in a good agreement with
the ones in literature [3, 43].

5 Conclusion and future work

We have proposed an immersed boundary method to simulate the fully three-dimensional
vesicle dynamics in various flows. We relax the inextensibility constraint of a vesicle mem-
brane by using a spring-like tension to keep the local surface area nearly inextensible. The
new elastic force is derived from a modified tension energy which has exactly the same
form as the original one. The vesicle surface is discretized on a triangular mesh, and the
elastic tension and bending force are calculated on the vertices of the triangles (Lagrangian
markers in the IB method). A series of numerical tests have been conducted to illustrate
the robustness and the applicability of the present method.

In the future, we will first extend the present numerical scheme to be able to handle
the case with different viscosity contrast. We shall also try to use high-order scheme [4]
to compute the geometrical quantities such as mean curvature and surface Laplacian of
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mean curvature on a triangulated surface so that the numerical accuracy for the elastic and
bending forces on a vesicle can be further improved. Meanwhile, we shall use the developed
scheme to study the vesicle dynamics in more general flows such as in extensional flow [22]
or in Poiseuille flow [5]. In the latter case, we will also study the multi-vesicle problems to
mimic the physical behaviors of RBCs in capillary [37].
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Appendix

In this appendix, we shall show that our formula for the mean curvature vector at vertex
X as shown in Eq. (18) is exactly the same as the following cotangent formula in [30]

H(X)dA(X) =
1

2

N
∑

j=1

(cotαj + cot βj) (X−Xj), (26)

where Xj are the vertices within 1-ring of the vertex X, and the angles αj and βj are
the corresponding angles depicted in Figure 11. First we can change the righthand side of
Eq. (26) into the following:

1

2

N
∑

j=1

(cotαj + cot βj) (X−Xj)

= −1

2

N
∑

j=1

cotαj(Xj −X) + cot βj(Xj −X)

= −1

2

N
∑

j=1

cotαj(Xj −X) + cot βj−1(Xj−1 −X) (using the periodicity of index)

= −1

2

N
∑

j=1

cotαj(X
3
ℓ −X1

ℓ) + cot βj−1(X
2
ℓ −X1

ℓ ) (denoting the vertices in the ℓ-th triangle)

= −1

2

N
∑

j=1

cotαjX31 + cot βj−1X21, (where Xij = Xi
ℓ −X

j
ℓ).

(27)

Using the identity cot θ = a·b
|a×b| =

a·b
2dA

, where θ is the angle between the two vectors a and

b, for the ℓ-th triangle with the vertices X1
ℓ , X

2
ℓ , X

3
ℓ and its area dAℓ, we obtain

cotαj =
X12 ·X32

2 dAℓ
, cot βj−1 =

X13 ·X23

2 dAℓ
.
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Figure 11: The notations for the computation of the mean curvature vector using two
equivalent formulas.

Substituting these cotangents into Eq. (27) and summing all the triangles T (X) within
1-ring around the vertex X as shown in Figure 11, we have

1

2

∑

ℓ∈T (X)

(X21 ·X32)X31 − (X31 ·X32)X21

2 dAℓ
,

which, using the vector triple product (a× b)× c = (a · c)b− (b · c)a, becomes

1

2

∑

ℓ∈T (X)

(X21 ×X31)×X32

2 dAℓ

=
1

2

∑

ℓ∈T (X)

(X21 ×X31)×X32

|X21 ×X31|

=
1

2

∑

ℓ∈T (X)

nℓ ×X32 =
1

2

∑

ℓ∈T (X)

nℓ × (X3
ℓ −X2

ℓ).

Therefore, we establish the equivalence between the cotangent formula and our formula
in Eq. (18) for the computation of the mean curvature vector. Note that, in practice, our
formula avoids evaluating the cotangent functions and thus is faster to compute than the
cotangent formula.
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