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Abstract Group testing with inhibitors (GTI) is a variant of classical group testing
where in addition to positive items and negative items, there is a third class of items
called inhibitors. In this model the response to a test is YES if and only if the tested
group of items contains at least one positive item and no inhibitor. This model of
group testing has been introduced by Farach et al. (Proceedings of compression and
complexity of sequences, pp 357–367, 1997) for applications in the field of molecular
biology. In this paper we investigate the GTI problem both in the case when the exact
number of positive items is given, and in the case when the number of positives is
not given but we are provided with an upper bound on it. For the latter case, we
present a lower bound on the number of tests required to determine the positive items
in a completely nonadaptive fashion. Also under the same hypothesis, we derive an
improved lower bound on the number of tests required by any algorithm (using any
number of stages) for the GTI problem.

As far as it concerns the case when the exact number of positives is known, we
give an efficient trivial two-stage algorithm. Instrumental to our results are new com-
binatorial structures introduced in this paper. In particular we introduce generalized
versions of the well known superimposed codes (Du, D.Z., Hwang, F.K. in Pool-
ing designs and nonadaptive group testing, 2006; Dyachkov, A.G., Rykov, V.V. in
Probl. Control Inf. Theory 12:7–13, 1983; Dyachkov, A.G., et al. in J. Comb. The-
ory Ser. A 99:195–218, 2002; Kautz, W.H., Singleton, R.R. in IEEE Trans. Inf.
Theory 10:363–377, 1964) and selectors (Clementi, A.E.F, et al. in Proceedings
of symposium on discrete algorithms, pp. 709–718, 2001; De Bonis, A., et al. in
SIAM J Comput. 34(5):1253–1270, 2005; Indyk, P. in Proceedings of symposium
on discrete algorithms, pp. 697–704, 2002) that we believe to be of independent
interest.
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1 Introduction

The group testing problem asks to determine the positive members of a set of ob-
jects O by performing tests on subsets (pools) of the given set O. In classical group
testing, a test yields a YES response if the tested subset contains one or more posi-
tive objects, and a NO response otherwise. The goal is to identify all positive items
by using as few tests as possible. Group testing originated in the area of chemi-
cal analysis as a possible technique for mass blood testing (Dorfman 1943). Group
testing like problems occur in various contexts, ranging from data compression
(Hong and Ladner 2002), efficient access to storage systems (Kautz and Singleton
1964), conflict resolution algorithms for multiple-access systems (Berger et al. 1984;
Wolf 1985), quality control in product testing (Sobel and Groll 1959), data gath-
ering in sensor networks (Hong and Scaglione 2004), and sequential screening of
experimental variables (Li 1962). Recently group testing has proved to be extremely
useful in the area of Computational Molecular Biology where its primary applica-
tion is for screening library of clones with hybridization probes (Barillot et al. 1991;
Bruno et al. 1995), and sequencing by hybridization (Margaritis and Skiena 1995;
Pevzner and Lipshutz 1994). We refer readers interested in this issues to Balding
et al. (1996); Du and Hwang (2000, 2006); Farach et al. (1997); Ngo and Du (2000).
The variety of situations in which group testing is applied motivates many exten-
sions of the classical paradigm. Motivated by molecular biology applications, Farach
et al. (1997) introduced an interesting variation of the classical group testing prob-
lem where, in addition to the category of the positive samples and the one of the
negative samples, there is a third class of samples called inhibitors. In this model
a pool tests positive if and only if it contains one or more positive items and no in-
hibitor. In the biological setting inhibitors correspond to spoiled samples which make
the outcomes of the tests meaningless. Following De Bonis and Vaccaro (1998), we
will refer to this search model as Group Testing with Inhibitors (GTI). Biological ap-
plications not only call for more complex querying models but also require search
strategies to fulfill different criterions of performance. While the number of tests
is typically adopted as a measure of efficiency, there are many biological experi-
ments in which the time spent in preparing the pools during the testing procedure
is also a crucial issue. In this setting, screening one pool at the time is far more ex-
pensive than screening many pools in parallel. For this reason the most preferable
search strategies for screening are nonadaptive strategies. Nonadaptive algorithms,
to which we will refer also as one-stage algorithms, are group testing procedures
in which all tests are specified in advance without knowing the outcomes of other
tests. Typically, nonadaptive strategies are much more costly than adaptive group
testing strategies, i.e. algorithms in which the tests are performed one by one, and
the pool for the current test is constructed by looking at the outcomes of previous
tests. As an instance, it is known that nonadaptive algorithms for classical group test-
ing are essentially equivalent to superimposed codes (Dyachkov and Rykov 1983;
Erdös et al. 1985; Kautz and Singleton 1964) and as a consequence must use a num-
ber of tests Ω((p2/ logp) logn), where p is the maximum number of positives and
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n = |O|, whereas the best known nonadaptive algorithms for classical group test-
ing use O(p2 logn) tests. These asymptotic bounds are very far from the informa-
tion theoretic lower bound of log

(
n
p

) = Ω(p log(n/p)) which is attained by adaptive
strategies. Due to the high cost of nonadaptive strategies, often people consider using
nearly nonadaptive algorithms. Of considerable interest for screening problems is the
so called trivial two-stage algorithm (Knill 1995). Such an algorithm consists of two
completely nonadaptive stages: in the first stage a “small” subset of O containing all
positive items is determined; in the second stage the items in this set are individu-
ally tested so as to find those that are positive. In De Bonis et al. (2005) it has been
proved that in classical group testing, trivial two-stage algorithms are asymptotically
as efficient as the best fully adaptive group testing algorithms, that is, algorithms with
arbitrarily many stages.

1.1 Previous results and a summary of our contributions

In this paper we address the problem of designing efficient one-stage and trivial two-
stage procedures for the GTI problem. Previous work on this model has revealed
that the information theoretic lower bound Ω(p log(n/p)) is not very informative
of the number of tests really needed to solve the GTI problem. This is very much
different from what happens in the model of classical group testing for which there are
procedures that attains the information theoretic lower bound. Indeed, the authors of
(De Bonis and Vaccaro 1998) uncovered a relation between group testing procedures
for the GTI problem and a certain generalization of superimposed codes (Dyachkov
and Rykov 1983), thus showing that the number of tests used by any algorithm (using
any number of stages) that finds p positives in the presence of r inhibitors is lower
bounded by the minimum length of such a code of size n. To give an idea of how
costly procedures for the GTI problem are, we mention that the minimum length

of such a code of size n is Ω( r2

p log r
logn). The authors of (De Bonis et al. 2005)

gave an asymptotically optimal algorithm for the GTI problem that works under the
hypothesis that one is given the exact number p of positive items and an upper bound
r on the number of inhibitors. An interesting feature of this algorithm is that it consists
of four completely nonadaptive stages.

In this paper we will always assume that a search strategy is provided with an
upper bound r on the number of inhibitors. As for the number of positives, we will
investigate both the case when the exact number of positive items is given, and the
case when the number of positives is not given but we are provided with an upper
bound on it. Under the latter hypothesis the GTI problem reveals another significant
feature that differentiates it from classical group testing. Indeed, it is known that there
exist procedures for classical group testing that work under this more difficult hypoth-
esis and that are asymptotically as costly as the best procedures that work under the
hypothesis of the exact number of positive items being known. In this paper, we show
that the same does not hold for group testing with inhibitors. Indeed, we show that
procedures for the GTI problem that work under this more difficult hypothesis require
a number of tests which is significantly higher than the lower bound stated in De Bo-
nis and Vaccaro (1998). An algorithm for the GTI problem that works under this more
difficult hypothesis was described in De Bonis and Vaccaro (1998). The number of
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tests used by this algorithm asymptotically differs by a log r factor from our lower
bound. We remark that the algorithm of De Bonis and Vaccaro (1998) works also in
the case when it is not known whether the set O contains at least one positive item.
We show that in this case it is asymptotically optimal.

As far as it concerns the case when we know only an upper bound p on the num-
ber of positives, we pose also the question of how costly it would be to solve the GTI
problem in a completely nonadaptive fashion. For this case we give a lower bound on
the number of tests required by any one-stage procedure. This lower bound asymptot-
ically differs by a 1/ log(p + r) factor from the best known upper bound (Dyachkov
et al. 2001) on the minimum number of tests required by a one-stage algorithm that
solves the GTI problem under the hypothesis that the exact number of positives is not
known but one is provided with an upper bound p on it.

In the second part of the paper we turn our attention to the design of procedures
that work under the hypothesis of the exact number of positives being given. We
present an efficient trivial two-stage algorithm using an asymptotic number of tests
that differs from the lower bound in De Bonis and Vaccaro (1998) by a factor of
O(log r), where r is the known maximum number of inhibitors. When the number
of positive items is larger than half the number of inhibitors, our two-stage algo-
rithm is asymptotically optimal. Instrumental to these results are new combinator-
ial structures introduced in this paper. These combinatorial structures are a general-
ized version of the well known superimposed codes (Dyachkov and Rykov 1983;
Dyachkov et al. 2002; Kautz and Singleton 1964). We present upper and lower
bounds on the length of our generalized codes. Our upper bound is obtained by
a greedy construction of a related combinatorial object that we also introduce here for
the first time. This new combinatorial structure, which includes as a particular case
our generalized superimposed codes, are a generalization of the (k,m,n)-selectors
of De Bonis et al. (2005) and the k-selectors of Chrobak et al. (2000). Superimposed
codes and selectors have been applied in a wide range of different fields including
among the others, computational molecular biology (Balding et al. 1996; De Bo-
nis et al. 2005; De Bonis and Vaccaro 1998; Du and Hwang 2000, 2006; Ngo and
Du 2000), cryptography (Kumar et al. 1999; Stinson et al. 2000b), databases (Kautz
and Singleton 1964), pattern matching (Indyk 1997), circuit complexity (Chaudhuri
and Radhakrishnan 1996), and broadcasting in radio networks (Chrobak et al. 2000;
Clementi et al. 2001). For that reason we believe that the significance of our general-
ized superimposed codes and selectors, and of the related combinatorial results, goes
far beyond the particular issue of this paper.

1.2 Structure of the paper

In Sect. 2 we consider the case when the exact number of positives in not known but
we are provided with an upper bound on the number of positives and an upper bound
on the number of inhibitors. For this case, we provide an improved lower bound on
the number of tests needed to solve the GTI problem in a completely nonadaptive
fashion. In Sect. 2 we derive also a lower bound on the number of tests required by
any algorithm (using any number of stages) for the GTI problem that improves on the
lower bound stated in De Bonis and Vaccaro (1998).
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Section 3 contains our main combinatorial results. In this section we define our
generalized superimposed codes and selectors and give constructions for both com-
binatorial objects.

In Sect. 4 we turn our attention to two-stage procedures that solve the GTI problem
under the hypothesis that one is provided with the exact number of positive items and
an upper bound on the number of inhibitors. We present a trivial two-stage algorithm
based on the combinatorial structures introduced in Sect. 3.

2 Dealing with the case when the exact number of positives is not known

In this section we deal with the case when we do not know the exact number of
positives but we are only given an upper bound p on it. We recall that we assume that
an upper bound r on the number of inhibitors is also provided.

In the next section we investigate one-stage algorithms for the GTI problem that
work under the above hypothesis.

2.1 One-stage algorithms

We recall that a one-stage algorithm is a completely nonadaptive algorithm, that is,
an algorithm in which all tests must be decided beforehand so as to be performed in
parallel. In order to define one-stage algorithms for our problem, we need to introduce
some notations and definitions.

A set C = {c1, . . . , cn} of n binary vectors of length N is called a binary code
of size n and length N . Each cj is called codeword and for any i, 1 ≤ i ≤ N, cj (i)

denotes the i-th entry of cj . A binary code C can be represented by an N × n binary
matrix M = ‖cj (i)‖, i = 1, . . . ,N and j = 1, . . . , n, having as columns the code-
words of C. A binary code will be represented both by the set of its codewords and
by the corresponding binary matrix.

In the following we denote by [n] the set of the first n positive integers {1, . . . , n}
and assume O = [n].

An N × n matrix M = ‖cj (i)‖, or equivalently a code C = {c1, . . . , cn}, defines
a one-stage group testing algorithm for a set O = [n] in the following way. For each
j ∈ [n], let us associate item j to the j -th column cj of M . For each row i of M , we
define the subset Ti = {j ∈ {1, . . . , n} : cj (i) = 1}. The one-stage algorithm that tests
the sets T1, . . . , TN in parallel is the one-stage algorithm defined by M , or equiva-
lently by C. For the sake of convenience, we represent the responses to the N tests
by an N -entry binary vector whose i-th entry is equal to 1 if the answer to the i-th
test is YES, and is 0 otherwise. We will refer to the vector z as the response vector.

In the classical model of group testing the response vector is the bitwise OR of the
columns associated with the positive items. Hence, in that model a matrix M defines
a one-stage algorithm that determines up to p positive items if and only if the OR’s
of up to p columns are all distinct.

In the GTI model, things become more complicated and a matrix that defines
a one-stage group testing algorithm under this model should satisfy a condition
stronger than the one working for classical group testing. In the following section
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we will establish the combinatorial property that an n-column binary matrix should
to satisfy in order to define a one-stage algorithm that successfully determines up to
p positives in the presence of up to r inhibitors.

Let C be a code of length N . Given q > 1 codewords (binary columns)
c�1, . . . , c�q , we denote by (c�1 ∨ · · · ∨ c�q ) the boolean sum (OR) of c�1, . . . , c�q .
Given two binary columns ch and cj , we say that ch is covered by cj if ch(i) = 1
implies cj (i) = 1, for all i.

For any two sets Q ⊂ C and J ⊂ C such that Q∩J = ∅, we denote by Z(Q,J ) =
(Z(1), . . . ,Z(N)) the column vector defined as follows:

Z(i) =
{

1 if
∨

x∈Q x(i) = 1 and
∨

x∈J x(i) = 0,

0 otherwise,

for i = 1, . . . ,N . For J = ∅ we define Z(Q,J ) = ∨
x∈Q x(i).

If Q = {c} for some c ∈ C, then we will denote the vector Z(Q,J ) simply by
Z(c,J ) for any set of columns J ⊂ C such that c 	∈ J .

Definition 1 (Dyachkov et al. 2001) Given integers p, r and n, with p + r ≤ n, we
say that a boolean matrix M with n columns and N rows is an inhibitory (p, r)-
design if for any choice of four subsets P1, P2, I1, and I2 of columns of M such
that P1 	= P2, P1 ∩ I1 = ∅, P2 ∩ I2 = ∅, |P1|, |P2| ≤ p, and |I1|, |I2| ≤ r , one has
Z(P1, I1) 	= Z(P2, I2). The minimum length of an inhibitory (p, r)-design of size n

will be denoted by NI (p, r, n).

Observe that a matrix M defines a one-stage group testing algorithm that successfully
determines up to p positive items in the presence of up to r inhibitors if and only if
M is an inhibitory (p, r)-design. Indeed, if P is the set of columns associated with
the set of the positive items P and I is the set of columns associated with the set
of inhibitory items I , then the response vector z is equal to Z(P, I). An inhibitory
(p, r)-design guarantees that for every set P ′ of up to p columns of M and for every
set I ′ of up to r columns of M with P ′ ∩ I ′ = ∅, we have Z(P ′, I ′) = Z(P, I) if and
only if P ′ = P .

In the following we establish a lower bound on the minimum length NI (p, r, n) of
an inhibitory (p, r)-design of size n so as to limit from below the minimum number
of tests needed to solve the GTI problem by a nonadaptive strategy.

To present our bound we need to recall the definition of (d, q)-superimposed codes
(Dyachkov and Rykov 1983). These codes have the property that the boolean sum of
any d columns is not covered by the boolean sum of any other q columns. When
d = 1, these codes correspond to classical superimposed codes (Kautz and Singleton
1964), or equivalently cover free families (Erdös et al. 1985). Here we will denote
by N(d,q,n) the minimum length of a (d, q)-superimposed code of size n. The
following asymptotic lower and upper bounds (De Bonis et al. 2005; Dyachkov and
Rykov 1983) on N(d,q,n) hold:

N(d,q,n) =
{

Ω
( q2

d logq
log n

q

)
if q ≥ 2d ,

Ω
(
q log n

d

)
if q < 2d ,

(1)



J Comb Optim (2008) 15: 77–94 83

N(d,q,n) = O

(
q2

d
log

n

q

)
. (2)

The following results uncover a relation between one-stage procedures for group test-
ing with inhibitors and superimposed codes.

Theorem 1 For any positive integers p, r and n, with n ≥ p + r , the minimum
length of an inhibitory (p, r)-design of size n is NI (p, r, n) ≥ N(1,p + r − 1, n) =
Ω(

(p+r)2

log(p+r)
log( n

p+r
)).

Proof We will show that any inhibitory (p, r)-design M is a (1,p + r − 1)-
superimposed code. Let M be an inhibitory (p, r)-design and let us suppose by con-
tradiction that M is not a (1,p + r − 1)-superimposed code. Then, in M there exist
p + r distinct columns c, c1, . . . , cp+r−1 such that c is covered by c1 ∨ · · · ∨ cp+r−1.
Let P = {c1, . . . , cp−1} and I = {cp, . . . , cp+r−1}. Notice that if c(i) = 0 then it
is Z({c} ∪ P, I)(i) = Z(P, I)(i). Moreover, since c is covered by the columns in
P ∪ I , one has that if c(i) = 1 then it must be

∨
c∈P c(i) = 1 or

∨
c∈I c(i) = 1 (or

both). As a consequence, it is Z({c} ∪ P, I)(i) = Z(P, I)(i). Hence, it follows that
Z({c} ∪ P, I) = Z(P, I) thus contradicting the hypothesis that M is an inhibitory
(p, r)-design. By using lower bound (1), we obtain the asymptotic lower bound in
the statement of the theorem. �

The following result is an immediate consequence of Theorem 1.

Theorem 2 Let O be a set of n items which is known to contain at most p ≥ 1 positive
items and at most r ≥ 1 inhibitors. Any one-stage algorithm that successfully identi-

fies all positive items in O uses at least N(1,p + r − 1, n) = Ω(
(p+r)2

log(p+r)
log( n

p+r
))

tests.

We remark that the above lower bound holds also if r is known to be the exact number
of inhibitors.

Superimposed codes can be exploited not only to bound from below the minimum
length of inhibitory (p, r)-designs, but also to provide existential results. Indeed the
authors of (Dyachkov et al. 2001) proved the following result.

Theorem 3 (Dyachkov et al. 2001) Let p, r and n be integers with p + r ≤ n. There
exists an inhibitory (p, r)-design of size n and length N = N(1,p + r, n) = O((p +
r)2 log( n

p+r
)).

The following theorem is an immediate consequence of Theorem 3.

Theorem 4 Let O be a set of n items which is known to contain at most p ≥ 1
positive items and at most r ≥ 1 inhibitors. There exists a one-stage algorithm that
successfully identifies all positive items in O by at most N(1,p + r, n) = O((p +
r)2 log( n

p+r
)) tests.
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Notice that the one-stage algorithm of Theorem 4 uses an asymptotic number of
tests that exceeds by a factor of log(r +p) the asymptotic lower bound of Theorem 2.
In order to get rid of this difference between these upper and lower bounds, one
should be able to give a tight asymptotic estimate of the minimum length of (1, q)-
superimposed codes. This is a major open problem in extremal combinatorics.

In the following we derive a lower bound on the number of tests used by any
algorithm that solves the GTI problem under the above hypothesis. This result holds
independently of the number of stages used by the algorithm.

2.2 A lower bound on the number of tests required to solve the GTI problem

In De Bonis and Vaccaro (1998) it has been proved that any algorithm that finds p

positives in the presence of r inhibitors requires

Ω

(
N(p, r, n − p − 1) + ln

(
n

p

))
(3)

tests, no matter the number of stages it uses. We remark that in the computation of the
above lower bound, it has been assumed that the exact number of positives is known.
In De Bonis et al. (2005) this lower bound has been shown to be Ω(N(p, r, n) +
r log n

r
+ p log n

p
). By using lower bound (1), we have that lower bound (3) is

Ω

(
r2

p log r
log

n

r
+ r log

n

r
+ p log

n

p

)
if r ≥ 2p, (4)

and

Ω

(
r log

n

p
+ p log

n

p

)
, if r < 2p. (5)

In De Bonis et al. (2005) it has been provided an algorithm for the case when the exact
number of positives is known, that asymptotically attains lower bound (3). Therefore,
to improve on this lower bound one has to exploit the hypothesis that the exact num-
ber of positives is not known.

Theorem 5 Let O be a set of n items which is known to contain at most p ≥ 1
positive items and at most r ≥ 1 inhibitors. Any algorithm that successfully identifies
all positive items in O uses at least N(2, r, n) tests. If it is not known whether O
contains at least one positive item then the algorithm uses N(1, r, n) tests.

Proof In this proof we will use an argument similar to the one exploited in Theorem 5
of De Bonis and Vaccaro (1998). Let us fix any group testing algorithm that finds up to
p positive items in the presence of r inhibitors. Let T1, . . . , Tm denote the sets tested
by the first m tests of the algorithm. For each item j ∈ [n] we define the m-th indicator
set Rm

j of j as Rm
j = {i ∈ [m] : j ∈ Ti}. Let M = ‖cj (i)‖ be the m × n matrix whose

columns are the characteristic vectors of sets Rm
1 , . . . ,Rm

n , that is cj (i) = 1 if and
only if j ∈ Ti . Notice that the rows of M are the characteristic vectors of T1, . . . , Tm.
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First we deal with the case when it is not known whether the set P of the posi-
tive items is empty. We will show that in order for the algorithm to identify the set
of positive items by m tests, M must be a (1, r)-superimposed code. Suppose by
contradiction that there exist r + 1 columns cj1, . . . , cjr , cjr+1 such that cj1 is cov-
ered by the boolean sum cj2 ∨ · · · ∨ cjr . It follows that Rm

j1
is contained in the union

Rm
j2

∪ · · · ∪ Rm
jr+1

thus implying that j1 occurs in some test set T only if at least one
of j2, . . . , jr+1 belongs to T . Then a malicious adversary could make j1 the unique
positive item and j2, . . . , jr+1 the inhibitory items so that the responses to the first m

tests are NO. Unfortunately, after performing these m tests, the algorithm cannot dis-
tinguish between the case when O contains a positive item, namely item j1, and the
case when O does not contain any positive item. It follows that the algorithm is able to
identify the positive items after m tests only if the matrix M is a (1, r)-superimposed
code and consequently m ≥ N(1, r, n).

If O is known to contain at least one defective item then one can use a similar
argument to prove that the matrix M associated with the first m tests must be a (2, r)-
superimposed codes. Suppose by contradiction that M is not a (2, r)-superimposed
code. Then there exist r + 2 items j1, . . . , jr+2 such that Rm

j1
∪ Rm

j2
is contained in

the union Rm
j3

∪ · · · ∪ Rm
jr+2

. A malicious adversary could make {j1, j2} the set of the
positive items and {j3, . . . , jr+2} the set of inhibitors so that the responses to the first
m test are all NO. In this case the algorithm cannot decide whether j1 and j2 are both
positive or whether only one of the two items is positive. Therefore, the matrix M

must be a (2, r)-superimposed code and as a consequence contains at least N(2, r, n)

rows. �

By Theorem 5 and by taking into account the information theoretic lower bound
we get the following lower bound.

Corollary 1 Let O be a set of n items which is known to contain at most p ≥ 1
positive items and at most r ≥ 1 inhibitors. Any algorithm that successfully identifies
all positive items in O uses at least N(2, r, n) + Ω(p log n

p
) tests. If it is not known

whether O contains at least one positive item then the algorithm uses N(1, r, n) +
Ω(p log n

p
) tests.

Corollary 1 along with lower bound (1) implies that any algorithm that successfully
identifies up to p ≥ 1 positive items in the presence of up to r ≥ 1 inhibitors, uses

Ω

(
r2

log r
logn + p log

n

p

)
(6)

tests.
Notice that the above bounds hold even if it is known that O contains exactly r

inhibitors.
The authors of (De Bonis and Vaccaro 1998) described an N(1, r, n) +

O(r log(n/r) + p log(n/p)) worst case algorithm for the GTI problem. It is pos-
sible to show that their algorithm works also under the hypothesis considered in this
section that the exact number of positives is not given. In view of upper bound (2)
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on N(1, r, n), the above upper bound is O(r2 log(n/r) + p log(n/p)) and conse-
quently differs by a log r factor from lower bound (6). We remark that the algorithm
of De Bonis and Vaccaro (1998) can be proved to work even in the case when it is not
known whether the set O contains at least one positive item. Corollary 1 implies that
in such case the algorithm is asymptotically optimal. Indeed, lower bound (1) implies
N(1, r, n) = Ω(r log(n/r)), and consequently the second lower bound in Corollary 1
is Ω(N(1, r, n) + r log(n/r) + p log(n/p)), which matches the upper bound on the
number of tests used by the algorithm.

If p = O(r) then lower bound (6) implies that the asymptotic number of tests used
by any algorithm that works under the hypothesis considered in this section, differs
by a factor not smaller than 1/ log r from the number of tests used by the one-stage
algorithm of Theorem 4. Again this gap is a consequence of the log r gap between
the known upper and lower bounds on the length of superimposed codes.

We mention that the authors of (Hwang and Liu 2003) presented an error-tolerant
two-stage algorithm that works under the hypothesis considered in this section. We
remark that the algorithm in Hwang and Liu (2003) is not a trivial two-stage algo-
rithm in view of the fact that its second stage tests non-singleton subsets of items
and consequently is not a trivial confirmatory stage. In the case when no erroneous
response is allowed, this algorithm uses N(1,p,n) + N(1, r, n) tests. For p = O(r)

this upper bound is O(N(1, r, n)) and consequently, by Theorem 5, is asymptotical
optimal.

3 Generalized superimposed codes and selectors

In this section we introduce two new combinatorial structures that generalize very
well known combinatorial objects. Though these combinatorial structures are instru-
mental to the results of Sect. 4, we chose to present them in a separate section since
we believe them to be of independent interest and to have other important applications
in other contexts.

Definition 2 Given two positive integers n and q , and a multiset of positive integers
P = {p1,p2, . . . , ps}, with s = |P| ≥ 1 and q + ∑s

i=1 pi ≤ n, we say that a boolean
matrix M with n columns and N rows is a (P, q)-superimposed code if for any choice
of s + 1 pairwise disjoint subsets A1, . . . ,As,B of columns of M , with |Ai | = pi for
i = 1, . . . , s, and |B| = q , there exists a row of M in which all entries corresponding
to the columns in B are equal to zero, and for each i ∈ {1, . . . , s}, the entries corre-
sponding to columns in Ai contain at least one nonzero value. The integers n and N

are the size and the length of the (P, q)-superimposed code, respectively. The mini-
mum length of a (P, q)-superimposed code of size n will be denoted by N(P, q, n).

The above definition generalizes the already recalled notion of (p, q)-superimposed
code of Dyachkov and Rykov (1983). One can easily verify that for P = {p} our
definition of (P, q)-superimposed codes corresponds to that of (p, q)-superimposed
codes. Further, r-cover free families (Erdös et al. 1985) (equivalently, superimposed
codes (Kautz and Singleton 1964), disjunct codes (Du and Hwang 2000, 2006), and
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strongly selective families (Clementi et al. 2001; Chrobak et al. 2000)) correspond to
our ({1}, r)-superimposed codes. Finally, families of sets such that the intersection of
any s members of the family is not contained in the union of any other q members
(Dyachkov et al. 2002; Stinson et al. 2000a), are equivalent to (P, q)-superimposed
codes in which P consists of s integers all being equal to 1.

In the following we provide an upper bound on the minimum length N(P, q, n)

of a (P, q)-superimposed code of size n. In order to derive our upper bound, we find
convenient to introduce a new and generalized version of (k,m,n)-selectors (De Bo-
nis et al. 2005).

Definition 3 Given integers k, m, w and n, with 1 ≤ w < k ≤ n and 1 ≤ m ≤ (
k
w

)
, we

say that a boolean matrix M with t rows and n columns is a (k,m,w,n)-selector if
any submatrix of M obtained by choosing k out of n arbitrary columns of M contains
at least m distinct rows with exactly w entries equal to 1. The integer t is the size of
the (k,m,w,n)-selector. The minimum size of a (k,m,w,n)-selector will be denoted
by t (k,m,w,n).

The (k,m,n)-selectors introduced in De Bonis et al. (2005) are equivalent to our
(k,m,1, n)-selectors. Our definition includes as a particular case the strongly selec-
tive families of Chrobak et al. (2000); Clementi et al. (2001) that coincide with our
definition of (k+1, k+1,1, n)-selectors, and the k-selectors of Chrobak et al. (2000)
that correspond to our (2k,3k/2 + 1,1, n)-selectors.

It is possible to see that a (k,m,q,n)-selector with parameters k = q + ∑s
i=1 pi ,

m = (
k
w

) − ∏s
i=1 pi + 1, and w = s is a ({p1, . . . , ps}, q)-superimposed code. An

upper bound on the minimum length of ({p1, . . . , ps}, q)-superimposed codes of size
n will be obtained by deriving an upper bound on the size of our generalized selectors
of length n. The upper bound will be proved by showing that a (k,m,w,n)-selector
is indeed the cover of a properly defined hypergraph.

Theorem 6 For any integers k, m, w and n, with 1 ≤ w < k, 1 ≤ m ≤ (
k
w

)
and

n ≥ k2w, there exists a (k,m,w,n)-selector of size t , with

t <
ekw+1

z
lnn/k� − ewkw

z
lnw + ekw

z
(w + m + k + z − 1),

where z = (
k
w

) − m + 1 and e = 2.7182 . . . is the base of the natural logarithm.

Proof Let X be a finite set and F be a family of subsets of X. We denote by H =
(X,F) the hypergraph having X as the set of vertices and F as the set of hyperedges.
A subset T ⊆ X such that T ∩ E 	= ∅, for any hyperedge E ∈ F , is called a cover
of H. In the following we will think of a cover T as a matrix with |T | rows. The
minimum size of a cover of an hypergraph H is denoted by τ(H). Lovász proved the
following upper bound (Lovàsz 1975) on the minimum size τ(H) of a cover of H.

τ(H) <
|X|

minE∈F |E| (1 + lnΔ), (7)
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where Δ = maxx∈X |{E: E ∈ F and x ∈ E}|.
We will prove that a (k,m,w,n)-selector is a cover of a properly defined hy-

pergraph so as to exploit upper bound (7) to limit from above the minimum size
t (k,m,w,n).

Let X be the set of all binary vectors x = (x(1), . . . , x(n)) of length n having
b ≥ w entries equal to 1, and let U be the set of all binary vectors of length k hav-
ing exactly w entries equal to 1. For any subset of indices S = {i1, . . . , ik}, with
1 ≤ i1 ≤ i2 < · · · < ik ≤ n, and for any binary vector u = (u(1), . . . , u(k)) ∈ U ,
we define the set of binary vectors Eu,S = {x = (x(1), . . . , x(n)) ∈ X : x(i1) =
u(1), . . . , x(ik) = u(k)}. For any set A ⊆ U of size r , r = 1, . . . ,

(
k
w

)
, and any set

S ⊆ {1, . . . , n}, with |S| = k, we define EA,S = ⋃
u∈A Eu,S and Fr = {EA,S : A ⊂

U, |A| = r, and S ⊆ {1, . . . , n}, |S| = k}. For any r = 1, . . . ,
(
k
w

)
, let Hr denote the

hypergraph Hr = (X,Fr ). Let z = (
k
w

) − m + 1. We will show that any cover T of
Hz is a (k,m,w,n) selector. Indeed, let T be a cover of Hz and let us assume by
contradiction that there exists a set of indices S = {i1, . . . , ik} such that the submatrix
of T formed by the columns of T with indices i1, . . . , ik contains at most m − 1 dis-
tinct rows with w entries equal to 1. Let uj1, . . . , ujq , q ≤ m − 1, denote these rows.

Hence, there exists a subset A ⊆ U of cardinality |A| = z = (
k
w

)−m+1 that contains
none of the vectors uj1, . . . , ujq . It follows that T does not contain any vertex of the

corresponding edge EA,S of Hz, thus contradicting the hypothesis that T is a cover
for Hz.

Now we use inequality (7) to determine an upper bound on t . To this aim we need
to estimate the quantities

|X|, min{|E| : E ∈ Fz} and Δ,

for the hypergraph Hz.
The set X has size |X| = (

n
b

)
since it contains all binary vectors of length n with b

entries equal to 1.
In order to compute min{|E| : E ∈ Fz}, we observe that each hyperedge EA,S ∈

Fz is the union of z disjoint sets Eu,S and each set Eu,S contains
(
n−k
b−w

)
vectors.

Therefore, each hyperedge EA,S has cardinality

|EA,S | = z

(
n − k

b − w

)
.

Now we have to compute Δ. To this aim, observe that for each x ∈ X there are(
b
w

)(
n−b
k−w

)
distinct sets Eu,S that contains x, and for each u ∈ U there are

(
z+m−2

z−1

)

distinct subsets A ⊆ U of size z that contain u. Consequently, each element x ∈ X

belongs to

Δ =
(

b

w

)(
n − b

k − w

)(
z + m − 2

z − 1

)

hyperedges.
Therefore, we have
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t = τ(Hz) <

(
n
b

)

z
(
n−k
b−w

)
[

1 + ln

((
b

w

)(
n − b

k − w

)(
z + m − 2

z − 1

))]
. (8)

For the sake of the simplicity, let us assume n to be a multiple of k and let us set
b = n/k in inequality (8).

First we compute an upper bound on
(

n
n/k

)

(
n−k

n/k−w

) .

For k = 2 it is
(

n
n/k

)

(
n−k

n/k−w

) =
(

n
n/2

)

(
n−2

n/2−1

) < 2e,

whereas for k ≥ 3 it is

(
n

n/k

)

(
n−k

n/k−w

) = k

(
k−w∏

i=1

n − i

n − n/k − i + 1

)(
w−1∏

i=1

n − k + w − i

n/k − i

)

.

In both products, factors can be limited from above by the factor with the largest
index. Therefore, we have

(
n

n/k

)

(
n−k

n/k−w

) ≤ k

(
n − k + w

n − n/k − k + w + 1

)k−w(
n − k + 1

n/k − w + 1

)w−1

= k

(
n − k + w

n − n/k − k + w + 1

)k−1(
n − k + w

n − n/k − k + w + 1

)−(w−1)

×
(

n − k + 1

n/k − w + 1

)w−1

= k

(
k(n − k + w)

k(n − k + w) − (n − k)

)k−1

×
(

(n − n/k − k + w + 1)(n − k + 1)

(n − k + w)(n/k − w + 1)

)w−1

. (9)

Let us upper bound expression (9).
We have

(
k(n − k + w)

k(n − k + w) − (n − k)

)k−1

=
(

1 + n − k

k(n − k + w) − (n − k)

)k−1

<

(
1 + 1

k − 1

)k−1

< e.
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Moreover, it results

(
(n − n/k − k + w + 1)(n − k + 1)

(n − k + w)(n/k − w + 1)

)w−1

= kw−1
(

(n − n/k − k + w + 1)(n − k + 1)

(n − k + w)(n − kw + k)

)w−1

≤ kw−1
(

n − n/k − k + w + 1

n − kw + k

)w−1

≤ kw−1
(

n − kw − k + w + 1

n − kw + k

)w−1

since n ≥ k2w

< kw−1.

Hence, we have
(

n
n/k

)

(
n−k

n/k−w

) < ekw, (10)

for all k ≥ 2 satisfying the hypotheses of the theorem.
The well known inequality

(
a
b

) ≤ (ea/b)b implies

Δ =
(

n/k

w

)(
n − n/k

k − w

)(
z + m − 2

z − 1

)

≤
(

n

kw

)w(
n − n/k

k − w

)k−w(
z + m − 2

z − 1

)z−1

ek+z−1

=
(

n

k

)k( 1

w

)w(
k − 1

k − w

)k−w(
z + m − 2

z − 1

)z−1

ek+z−1

<

(
n

k

)k( 1

w

)w(
k

k − w

)k−w(
z + m − 2

z − 1

)z−1

ek+z−1

=
(

n

k

)k( 1

w

)w(
1 + w

k − w

)k−w(
1 + m − 1

z − 1

)z−1

ek+z−1.

Since it is (1 + w
k−w

)k−w ≤ ew and (1 + m−1
z−1 )z−1 ≤ em−1, we have

Δ ≤
(

n

k

)k( 1

w

)w

ewem−1ek+z−1. (11)

Inequality (8) along with inequalities (10) and (11) imply

t = τ(Hz) <
ekw

z

(
1 + ln

((
n

k

)k( 1

w

)w

ew+m+k+z−2
))

.
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If n is not a multiple of k then we set n′ = kn/k� and by the above argument we
have that there exists a (k,m,w,n′)-selector of size

t <
ekw

z

(
1 + ln

(⌈
n

k

⌉k( 1

w

)w

ew+m+k+z−2
))

,

from which the upper bound in the statement of the theorem follows. �

Theorem 6 imply the following upper bound on the length of (P, q)-superimposed
codes.

Theorem 7 Given two positive integers n and q , and a multiset of integers P =
{p1,p2, . . . , ps}, with s = |P| ≥ 1 and q + ∑s

i=1 pi ≤ n, there exists a (P, q)-
superimposed code of size n and length

N <
e(q + ∑s

i=1 pi)
s+1

∏s
i=1 pi

ln

⌈
n

(q + ∑s
i=1 pi)

⌉

+ e(q + ∑s
i=1 pi)

s

∏s
i=1 pi

(

s(1 − ln s) + q +
s∑

i=1

pi +
(

q + ∑s
i=1 pi

s

))

.

Proof Observe that a (k,m,w,m)-selector with parameters k = q + ∑s
i=1 pi , m =(

k
w

) − ∏s
i=1 pi + 1 and w = s is a (P, q)-superimposed code. Then the theorem

follows from Theorem 6. �

If we set s = 1 and p1 = p in the upper bound of Theorem 7, we obtain that
the minimum length N(p,q,n) of a (p, q)-superimposed code of size n is less than
e(q + p)2(logn/(q + p)�)/p + e(q + p)(1 + 2q + 2p)/p. Moreover, for p > q ,
any (q, q)-superimposed code is also a (p, q)-superimposed code, and consequently
N(p,q,n) ≤ N(q,q,n) < 4eq logn/(2q)� + 2e(1 + 4q). These upper bounds are
asymptotically the same as upper bound (2).

4 An efficient trivial two-stage algorithm for the GTI problem

In this section we present a trivial two-stage group testing algorithm for the GTI
problem that works under the hypothesis that the exact number of positive items is
given. Our two-stage algorithm works as follows.

Stage 1 This stage determines a set of size at most 2r + 2p − 2 that contains all
inhibitors and all positive items. Let M1 be a ({p, r}, r)-superimposed code and let
M2 be a (p,2r + p − 1)-superimposed code. We denote by P the set of the columns
associated with the set of the positive items P , and by I the set of the columns
associated with the set of the inhibitory items I .

This stage performs in parallel all tests associated with the rows of M1 and M2.
In other words this stage executes the one-stage algorithm represented by the matrix
obtained by concatenating the rows of M1 with those of M2.
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Now we will show that the responses to the tests associated with the rows of M1
allow to determine a set containing all inhibitory items. Let w be the bitwise comple-
ment of the vector of responses to the tests associated with the rows of M1, that is w

is the binary vector whose i-th entry is equal to 1 if the response to the test associated
to the i-th row of M1 is NO, and is 0 otherwise. We denote by X the set of columns
of M1 which are covered by w. One can easily see that for each column x of M1 as-
sociated with an item in I , one has x ∈ X. Indeed, let x be a column of M1 associated
with an item in I . If the i-th entry of x is 1 then this means that the pool tested by the
i-th test contains at least one inhibitor and consequently the response to the i-th test
is NO thus implying that w(i) = 1. Observe that there might be positive items that
are associated to columns in X. Now we will show that the columns of X not asso-
ciated with positive items are at most 2r − 1, that is |X \ P | ≤ 2r − 1. Suppose by
contradiction that |X \P | ≥ 2r . Since |I| ≤ r , there exists a subset A ⊂ X \P of size
r that does not contain columns associated with items of I . Since M1 is a ({p, r}, r)-
superimposed code, there exists a row index i such that all columns in I have the i-th
entry set to 0, whereas at least one column of P and one column of A have the i-th
entry equal to 1. This implies that the test subset associated with the i-th row contains
at least one positive item and no inhibitory item so that the response to the i-th test is
YES. Consequently the i-th entry of vector w is equal to 0. Since at least one column
of A has the i-th entry equal to 1, we get a contradiction to the hypothesis that there
are at least 2r columns not contained in P that are covered by w.

We need to determine a set of size smaller than p + |P \ X| that contains
all positive items that are not associated with columns in X. Let z be the vec-
tor of responses to the tests associated with the rows of M2. Let Y be the set of
columns Y = {c : c is a column of M2 such that c 	∈ X and Z(c,X) is covered by z}.
Notice that for any column c 	∈ X associated with a positive item one has that Z(c, I )

is covered by z. Moreover, since we have just proved that I ⊆ X, we have that Z(c,X)

is covered by Z(c, I ) for any column c 	∈ X. Consequently, if c 	∈ X is a column asso-
ciated with a positive item then the vector Z(c,X) is covered by z. This implies that
P \ X ⊆ Y . Now we need to show that |Y | < p + |P \ X|. Suppose by contradiction
that |Y | ≥ p + |P \ X| and let us consider a subset L ⊆ Y \ P of size p. Such a set
L exists since |Y ∩ P | ≤ |P \ X|. Since M2 is a (p,p + 2r − 1)-superimposed code
and |X ∪ P | ≤ p + 2r − 1, there exists a row index i such that at least one column of
L has the i-th entry equal to 1, whereas all columns of X ∪ P have the i-th entry set
to 0. It follows that the test subset associated with the i-th row contains no positive
item so that z(i) = Z(P, I)(i) = 0. On the other hand, it follows also that at least
one column c′ ∈ L ⊂ Y has the i-th entry set to 1 whereas all columns in X have the
i-th entry set to 0 so that Z(c′,X)(i) = 1. This is obviously a contradiction since, by
definition of Y , one has that for each y ∈ Y , Z(y,X) is covered by z.

We remark that the tests associated to rows of M2 can be performed in parallel with
those associated to rows of M1 since we do not need to know the answers to these
tests in order to construct M2. On the other hand, in order to decode the responses to
the tests defined by M2, we need first to decode the responses to all tests associated
with the rows of M1.

Stage 2 This stage individually probes the items associated with the columns of
X ∪ Y and returns those which test positive.

The above algorithm provides the following result.
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Theorem 8 Let O be a set of n items which is known to contain exactly p ≥ 1 positive
items and at most r ≥ 1 inhibitors. There exists a trivial two-stage algorithm that
successfully identifies all positive items in O by at most N({p, r}, r, n) + N(p,p +
2r − 1, n) + 2p + 2r − 2 tests.

We can estimate the number of tests performed by the two-stage algorithm by resort-
ing to Theorem 7.

Corollary 2 Let O be a set of n items which is known to contain exactly p ≥ 1
positive items and at most r ≥ 1 inhibitors. There exists a trivial two-stage algorithm
that successfully identifies all positive items in O, using a number of tests smaller
than

e(h + 2r)3

hr
ln

⌈
n

h + 2r

⌉
+ e(2p + 2r − 1)2

p
ln

⌈
n

2p + 2r − 1

⌉

+ O

(
(h + r)4

hr

)
+ O((p + r)2/p),

where h = min{p, r}.

Proof The stated upper bound is obtained by observing that N({p, r}, r, n) ≤
N({h, r}, r, n) and by applying the upper bound of Theorem 7 to N({h, r}, r, n) and
N(p,p + 2r − 1, n) in the upper bound of Theorem 8. �

Notice that if p ≤ r/2 then the upper bound of Corollary 2 is O(r2

p
log(n/r)),

whereas if p > r/2 it is O((r + p) log(n/p)). It follows that for p > r/2 our two-
stage algorithm attains lower bound (5) and as a consequence is asymptotically opti-
mal. For p ≤ r/2 the two-stage algorithm uses a number of tests that exceeds lower
bound (4) by a log r factor. Notice that to prove the optimality of our two-stage al-
gorithm, one should be able to show that N(p, r, n) = �(N({p, r}, r, n) + N(p,p +
2r − 1, n)).
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