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A design of varying step size approach both in time span and spatial coordinate systems to achieve fast
convergence is demonstrated in this study. This method is based on the concept of minimization of residuals
by the Bi-CGSTAB algorithm, so that the convergence can be enforced by varying the time-step size. The
numerical results show that the time-step size determined by the proposed method improves the convergence
rate for turbulent computations using advanced turbulence models in low Reynolds-number form, and the
degree of improvement increases with the degree of the complexity of the turbulence models. c© 2001 John
Wiley & Sons, Inc. Numer Methods Partial Differential Eq 17: 454–474, 2001
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I. INTRODUCTION

Although the application of higher-order turbulent models for complex turbulent flow computation
has been widely recognized and become popular, slow convergence of the turbulent computations
still hinders the use of advanced turbulence models. There are numerous approaches to accelerate
the convergence rate such as improving the iterative methods of solving the matrix system result-
ing from governing equations. Conjugate gradient series methods are the examples, which have
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demonstrated some degree of success [1, 2], but faster convergence is desirable. The multigrid
method is another approach demonstrating efficient iteration in recent years. The multigrid method
employs several mesh levels to accelerate the convergence of the iterative scheme; however, it
does not seek the solution to the original problem on the coarse grid, but improves the fine-grid
solution by solving the equations in a delta form. The convergence acceleration can be achieved
by iteration either spatial or time sense. Acceleration in time span can be an additional direction
convergence. This work proposes the inclusion of unsteady flow calculation, i.e., employing the
time-marching technique to approach steady state flow solution. For the unsteady flow computa-
tion, the decrease of the size of the time-step stabilizes the convergence but increases the number
of time-steps to reach steady state flow condition. It implies that the choice of the time-step size
is a key issue to optimize the computation time. Varying time-step size for every different time
step and for every control volume is the idea to accelerate and optimize the convergence.

Usually, the stability analysis provides only the restriction of time-step for linearized systems,
but suggests no best value of the time-step. Therefore, in most work, very rough estimations plus
experience provide the guide for the selection of time-step size. Besides, uniform time-step size
is commonly applied for all the computational grid nodes/control volumes in most of the work,
except the local time-step concept [3].

For the local time-step approach, time-steps depend on the cell volume of the computational
cell, i.e., smaller time-step adopted for smaller control volume. The applications of the local
time-step method in CFD achieve some degree of improvements, for example, Saxena et al. [4]
computed the 3-D supersonic and hyperbolic blunt body flows with TVD scheme, Arnone et
al. [5] performed the multigrid computation of unsteady rotor-stator intersection. Mark et al. [6]
computed a compressible flow and heat transfer in a smooth U-duct with and without rotation
using second-order accurate Roe’s scheme and three-level V-cycle multigrid, and Soulis et al.
[7] applied the third-order accurate flux difference upwind scheme to compute incompressible
turbulent flow in turbomachinery.

Adopting the concept of varying time-step to the frame work of iterative methods either in time
span or spatial coordinates to accelerate the convergence has not been found in the CFD literature,
but the concept has been widely applied to various numerical computations for other applications.
For instance, Corwin and Thompson [8] considered the use of continuously embedded Runge–
Kutta–Sarafyan method for the solution of delay differential equations, and they selected the
step size according to a solution polynomial. Many investigations [9–11] adopted the variable
time-step method to enhance the performance of the conventional LMS (Least Mean Square)
algorithm, and the final excess mean square error was directly proportional to the adaptation
step size. Zampieri and Tagliami [12] solved the elastic waves equation by implicit spectral
method and adopted an integration step-time related to accuracy error. Ho and Fu [13] solved
the coupled equation of electromagnetic field equation, electric circuit equations, and mechanical
equation by finite element method and the time-step size was automatically obtained by relating
time-step size to local truncation errors using Backward Euler’s method or Crank–Nicolson’s
method. Cameron [14] proposed the use of variable step-size integration methods for the transient
eddy current problem and two Runge–Kutta methods were chosen for the time integration of the
cases of differential-algebraic equations. Although all above-mentioned works are either algebraic
equations, ordinary differential equations, or linear partial differential equations, variable time-
step methods have proved to be effective in accelerating convergence and the estimated time-steps
are usually related to the error estimation.

In the present study, we propose a new method to determine the time-step size so that fast
convergence can be achieved. The new method adopts the concept from the Bi-CGSTAB algorithm
[15]. Bi-CGSTAB method is a fast and smooth converging variant of the Bi-CG [16] method,
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and the disadvantage of the very irregular convergence behavior by the CGS method can also
be avoided. One disadvantage in the Bi-CG method is the occurrence of the operation of AT

with a vector (solve linear system Ax = b), which may cause very cumbersome programming
codes, especially if the matrix A is stored with a general data structure. In the CGS method, a
bilinear form is introduced and performed in the Bi-CG method, and then the operation of AT

with a vector disappears and the computation work of CGS method is not more than that of the
Bi-CG method [16]. The generalized minimal residual (GMRES) algorithm has the property of
minimization of the norm of the residual vector at every time-step over the Krylov subspace, which
is different from the Bi-CGSTAB method. The residual vectors at the k-th step constructed by Bi-
CG, CGS, and Bi-CGSTAB methods can be written as rBi−CG

k = ϕk(A)r0, r
CGS
k = ϕ2

k(A)r0

and rBi−CGSTAB
k = ηk(A)ϕk(A)r0, respectively, where ηk(A) is equal to (1 − ω1A)(1 −

ω2A) · · · (1−ωkA). In the iteration procedure of Bi-CGSTAB method, ωk is unknown in the k-th
step (ω1, ω2, · · ·ωk−1 have been evaluated), thus the residual vector rk is a function of ωk and thus
ωk can be evaluated from the residual (rk) 2-norm minimization, i.e., the Bi-CGSTAB method
minimizes the residual vector over a special subspace while the GMRES method minimizes
the residual vector over the Krylov subspace. Moreover, the property of the transpose free by
CGS method is still preserved in the Bi-CGSTAB method. Generally speaking, the Bi-CGSTAB
method is evolved from the Bi-CG method and CGS method; moreover, the concept of residual
minimization by GMRES is also applied, but not over the Krylov subspace. Therefore, the Bi-
CGSTAB method updates the solution vectors in the directions such that the 2-norm minimization
of the residual (ri) can be obtained. Along the same line, we extend the derivation of the Bi-
CGSTAB method to unsteady state flow so that the time-step size of the computation cell at a
specific iteration step can be obtained to enforce the residual of the conservative properties of
the computational cell to a minimum value, say zero. In order to demonstrate the effectiveness of
the concept of time varying time-step size, numerical computations for turbulent pipe flow using
advanced turbulence models are performed.

II. GOVERNING EQUATIONS

Turbulent flow computations solve time-dependent, Reynolds averaged, incompressible Navier–
Stokes equations and transport equations of turbulent properties. The governing equations in
Cartesian tensor notation can be written as follows:

Continuity Equation:

∂Ui

∂xi
= 0.

Momentum Equations:

∂(ρUi)
∂t

+
∂(ρUiUj)

∂xj
= − ∂P

∂xi
+

∂

∂xj

[
µ

(
∂Ui

∂xj
+

∂Uj

∂xi

)]
− ρuiuj ,

where Ui is the velocity in the xi direction, P is the pressure, µ is the molecular viscosity, and
the Reynolds stress ρuiuj can be approximated by adopting the Boissineq approximation within
the framework of eddy viscosity, i.e.,

−ρuiuj = µt

(
∂Ui

∂xj
+

∂Uj

∂xi

)
− 2

3
δijk,
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TABLE I. Constants and damping functions for Launder–Sharma’s model (LS) and Chien’s model (CH).

Code LS CH

Cµ 0.09 0.09

fµ e
− 3.4

(1+0.02Rt)2 1 −e−0.0115y+

σk 1.0 1.0
σε̄ 1.3 1.3

D 2ν
(

∂
√

k
∂y

)2
2ν k

y2

E 2ννt

(
∂2Ui

∂xj∂xk

)2
−2ν

(
ε̄

y2 e−0.5y+
)

f1 1.0 1.0

f2 1 − 0.3e−R2
t 1 − 0.22e− R2

t
36

Cε̄1 1.44 1.35
Cε̄2 1.92 1.8

Rt
k2

νε̄
k2

νε̄

y+ = yUr
ν

where µt is the turbulent viscosity, δij is the delta function, and k is the turbulent kinetic en-
ergy. Turbulent properties −ρuiuj or µt are solved by turbulence models described in following
paragraphs.

A. Turbulence Property Equations in Low Reynolds-Number Form

The turbulent properties can be obtained by transport equations and the formulations of turbulent
kinetic energy (k) and its dissipation rate (ε) by various turbulence models are briefly stated as
follows.

k−ε Models of Launder–Sharma’s [17] and Chien [18]

∂(ρk)
∂t

+
∂(ρUjk)

∂xj
=

∂

∂xj

[(
µ +

µt

σk

)
∂k

∂xj

]
− ρuiuj

∂Ui

∂xj
− ρ(ε̄ + D)

∂(ρε̄)
∂t

+
∂(ρUj ε̄)

∂xj
=

∂

∂xj

[(
µ +

µt

σε

)
∂ε̄

∂xj

]
− ρCε̄1f1

ε̄

k
uiuj

(
∂Ui

∂xj

)
− ρCε̄2f2

ε̄2

k
+ E,

where

µt = ρCµfµ
k2

ε̄
and ε = ε̄ + D.

The constants and damping functions for the models of Launder-Sharma (LS), Chien (CH) in the
above equations are listed in Table I.

The general goals of Launder–Sharma’s model and Chien’s model are to develop a single
transport model from the Navier–Stokes equation for predictions of skin friction, heat transfer,
and fluctuating kinetic energy distributions in transitional and turbulent flow regimes. The com-
putational advantage of using ε̄ as the dependent variable [19] is that ε̄ = 0 can be specified as a
wall boundary condition, e.g., the term D must asymptote to the nonzero value of ε at the wall.
The term E in Chien’s model is introduced to yield a quadratic growth of ε with wall distance,
while the expression for E in Launder–Sharma’s model vanishes in the viscous sublayer and
decreases with y4 in the logarithmic region. Consequently, the maximum value is located in the
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buffer layer. The term is then likely to increase the dissipation rate in this region, which results in
a lower peak of the turbulent kinetic energy.

Lin’s k − ε̃ model [20]

∂(ρk)
∂t

+
∂(ρUjk)

∂xj
=

∂

∂xj

[(
µ +

µt

σk

)
∂k

∂xj

]
+ Πk − ρuiuj

∂Ui

∂xj
− ρ(ε̃ + ε̂)

∂(ρε̃)
∂t

+
∂(ρUj ε̃)

∂xj
=

∂

∂xj

[(
µ +

µt

σε

)
∂ε̃

∂xj

]
+ Πε̃ − ρCε̃1f1

ε̃

k
uiuj

∂Ui

∂xj
− ρCε̃2f2

ε̃2

k
,

where

µt = ρCµfµ
k2

ε̃
, ε = ε̃ + ε̂,

and

Πk = −1
2

∂

∂xj

(
µ

k

ε

∂ε̂

∂xj

)
, ε̂ = 2ν

(
∂
√

k

∂y

)2

,Πε̃ = − ∂

∂xj

(
µ

ε̃

k

∂k

∂xj

)
,

Cµ = 0.09, σk = 1.4 − 1.1e−0.1yλ , σε = 1.3 − e−0.1yλ ,

Cε̃1 = 1.44, Cε̃2 = 1.92, yλ =
y
√

ε̃√
νk

, fµ = 1 − e−0.01yλ−0.008y3
λ ,

f1 = 1, f2 = 1 − 0.22e− R2
t

36 , Rt =
k2

νε̃
.

Comparing Lin’s k − ε̃ model with previous k − ε models, the differences are (1) The pressure
diffusion term Πk in the k equation and the extra term Πε̃ in ε̃-equation are included, (2) using
ε̃ as the dependent variable of the transport equation instead of ε, ε is the dissipation rate of
turbulent energy that can be decomposed into two parts, i.e., ε = ε̃ + ε̂, (3) adopting the Taylor
microscale [21] of yλ in the damping functions. The adopted form of fµ reproduces correctly the
asymptotic limit towards the wall and avoids the singularity occurring at the reattachment point
by adopting y+.

Moin’s DNS data [22] indicates that ∂ε
∂y < 0 at the wall, and this shows that the maximum

value of ε should be located at the wall. These necessitate the inclusion of the pressure diffusion
term Πk in the k-equation, especially in the near-wall region. The inclusion of Πε̃ in ε̃-equation
is to balance the molecular diffusion at the wall. This idea was also adopted by Chien [18] and
Kawamura [23], but with different formulation. Lin’s formulation mimics the diffusive nature of
the pressure diffusion term. Furthermore, Πε̃ also generate the extra source for ε in the buffer

zone, and the commonly adopted format µµt

ρ

(
∂2Ui

∂xj∂xk

)2
was completely replaced. Therefore,

Lin claimed that his model not only conforms with the near-wall characteristics obtained with
the direct numerical simulation data, but also possesses the correct asymptotic behavior in the
vicinity of the wall. The application of Lin’s model correctly produced the skin friction and
near-wall heat-transfer coefficient for a two-dimensional backward-facing step [20].
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Durbin’s k − ε − v2 model [24]

∂(ρk)
∂t

+
∂(ρUjk)

∂xj
=

∂

∂xj

[(
µ +

µt

σk

)
∂k

∂xj

]
+ Pk − ρε

∂(ρε)
∂t

+
∂(ρUjε)

∂xj
=

∂

∂xj

[(
µ +

µt

σε

)
∂ε

∂xj

]
+

ρCε1Pk − ρCε2ε

T

∂(ρv2)
∂t

+
∂(ρUjv2)

∂xj
=

∂

∂xj

[(
µ +

µt

σk

)
∂v2

∂xj
)

]
+ ρkf − ρv2 ε

k

L2∇2f − f = (1 − C1)

[
2
3 − v2

k

]
T

− C2
Pk

k

µt = ρCµv2T,

where

σk = 1.0, σε = 1.3, Cε1 = 1.3 +
0.25

1 +
(

d
2l

)8 , Cε2 = 1.9, Cµ = 0.19, CL = 0.3,

Cη = 70, l =
L

CL
, C1 = 0.4, C2 = 0.3, L = CL · max

(
k1.5

ε
, Cη

(
ν3

ε

) 1
2
)

,

T = max
(

k

ε
, 6
(ν

ε

) 1
2
)

, d : distance to the closest boundary.

Durbin’s k − ε − v2 model is proposed for computing nonequilibrium, or complex, turbulent
flows. In his model, the velocity scale for turbulent transport toward the wall is v2, not k. The
extra two parameters v2 and f , are need to be solved via the v2 transport equation and an elliptic
relaxation equation for f . The variable v2 is a velocity scale and might loosely be regarded as the
velocity fluctuation normal to the streamlines. Also, v2 behaves as the wall-normal component of
turbulent intensity near the surfaces. Impermeable boundaries cause nonlocal suppression of v2,
and the elliptic relaxation equation for f is the mathematical representation of nonlocality. It is
designed for use in wall-bounded flows. Good agreements between experiments and predictions
have been obtained for turbulent channel flow [25], turbulent separated flows over a backward
facing step [26], in a plane diffuser, and around a triangular cylinder, jet impinging onto a pedestal,
and applied to transonic flows. Furthermore, a potential advantage of the k−ε−v2 model over the
k−ε model is that v2/k provides a measure of anisotropy. Of course, the crucial role of anisotropy
near walls was the original motivation for the k−ε−v2 model: the v2-equation enables the model
to be integrated to the wall without damping functions, because it acknowledges this important
property of the turbulence.

III. NUMERICAL FORMULATION

In order to discretize the governing equations, a finite volume approach with staggered grid
arrangements is employed. According to expressions of Patankar [12], the difference equations
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for every control volume can be expressed in the following form:[
a∗

p +
ρP · volP

∆t

]
φk+1

p =
∑

anbφ
k+1
nb + c∗

p +
ρP · volP

∆t
φk

p + Spφ
k+1
p + Su, (1)

where anb represents the positive coefficients aE , aW , aN , aS , which are obtained by hybrid
scheme for convective terms and central difference scheme for diffusion terms [27], a∗

p is the sum
of these neighbor coefficients, i.e., a∗

p = aE + aW + aN + aS ; volP represents the volume of
the cell-P,∆t is the time-step size, ρP is the density at cell-P , and Su, Sp are the source terms
(Sp ≤ 0). Therefore, the equations can be casted into[

ap +
ρP · volP

∆t

]
φk+1

p =
∑

anbφ
k+1
nb + cp +

ρP · volP
∆t

φk
p, (2)

where ap = a∗
p − Sp, cp = c∗

p + Su, which forms a matrix system of

(Ak + Dk+1)φk+1 = bk + Dk+1φk. (3)

This system can be considered similar to Ax = b at the k-th time step. The vectors φk, φk+1
represent the solutions for the k-th and (k + 1)-th time-step, respectively, the coefficient matrix
Ak is a nonsingular penta-diagonal M -matrix, and Dk+1 is a positive diagonal matrix relating
the step size, A0 is evaluated by substituting the initial guess values of the dependent variable.
All the elements in Dk+1 are zero except in the diagonal part, and the jth diagonal element is
denoted by Diag(Dk+1)j = ρj ·volj

∆tj
where ρj , volj , and ∆tj are the density, volume, and time-

step size for the j-th control volume, respectively. Traditionally, the time-step size ∆tj is set to
be a constant, but the time-step size of the proposed method is different for each control volume
and is determined from the Bi-CGSTAB method due to the residual 2-norm minimization.

IV. TIME-STEP SIZE DETERMINATION

It is well known that the small time-step size causes slow convergence, but large step size leads to
divergence or oscillation for the numerical simulation. Usually, the time-step size has a restriction
according to the stability criteria, and little information can be assessed to balance fast convergence
and instability. A suggestion on the optimal choice of the time-step is of interest.

Before the numerical procedure, the governing equations are transformed to difference equa-
tions as a linear system of (Ak + Dk+1)φk+1 = bk + Dk+1φk, (k = 0, 1, 2, · · ·). The coefficient
matrix Ak and the right-hand side vector bk are computed from the k-th time-step solutions.
Matrix Dk+1 is a diagonal matrix and its elements are evaluated at (k+1)-th step. φ0 is the initial
guess for the dependent variable, and D0 (which contains the initial time-step size), A0, b0 are
evaluated by the initial guess, and r0 = b0 − A0φ0. The residual vector for the k-th time-step
(k = 1, 2, · · ·) is defined by rk = bk −Akφk +Dk(φk−1 −φk), which represents the residual for
the governing equation solved at the k-th time-step. Comparing to existing iterative algorithms
solving the matrix system, an additional parameter as adjustable time-step size from the analogy
of the iterative method of Bi-CGSTAB [15] algorithm is derived and described as follows.

Table II lists two solution procedures of two iterative algorithms to solve Ax = b and (Ak +
Dk+1)φk+1 = bk +Dk+1φk, which conveys the idea determining the time-step size. Algorithm I
in Table II displays the solution procedure for the standard Bi-CGSTAB algorithm while solving
a linear system of the form Ax = b. The initial residual r0 = b0 − Ax0 is defined from the
initial guess x0. According to the algorithm, the next solution vector and residual vector are



CONVERGENCE ACCELERATION BY VARYING TIME-STEP SIZE 461

TABLE II. Comparison of convential iterative Bi-CGSTAB algorithm (Algorithm I) with the proposed
solution procedure (Algorithm II).

Algorithm I Solve Ax = b Algorithm II Solve (Ak + Dk+1)xk+1 = bk + Dk+1xk

Give x0 and r0 = b − Ax0 Give x0 and r0 = b0 − A0x0

choose r̂0 = r0 choose r̂0 = r0

ρ0 = α = ω0 = 1, ν0 = p0 = 0 ρ0 = α = ω0 = 1, ν0 = p0 = 0
For i = 1, 2, 3, · · · For k = 1, 2, 3, · · ·

ρi = (r̂0, ri−1) ρk+1 = (r̂0, rk)
β = ρi

ρi−1

α
ωi−1

β = ρk+1
ρk

α
ωk

pi = ri−1 + β(pi−1 − ωi−1vi−1) pk+1 = rk + β(pk − ωkvk)
vi = Api vk+1 = (Ak + Dk)pk+1

α = ρi
(r̂0,vi)

α = ρk+1
(r̂0,vk+1)

s = ri−1 − αvi s = rk − αvk+1

t = As t = (Ak + Dk)s
ωi = (t,s)

(t,t) ωk+1 = (t,s)
(t,t)

stop if xi is accurate enough Determine Dk+1 from
ri = s − ωit (Ak + Dk+1)(αpk+1 + ωk+1s)

i = i + 1 = rk + Dk(xk − xk−1)
endfor Solve xk+1 from

(Ak + Dk+1)xk+1 = bk + Dk+1xk

stop if xi is accurate enough
Compute Ak+1, bk+1

define rk+1 = bk+1 − Ak+1xk+1 + Dk+1(xk − xk+1)
k = k + 1

endfor

x1 = x0 + αp1 + ω1s and r1 = s − ω1t, respectively; moreover, the parameter ω1 is derived
from the minimization of the vector r1. Hence, the solution vector is updated under the restriction
of the 2-norm minimization of the corresponding residual vector. Consequently, the (i + 1)-th
approximation solution is updated from the relation xi+1 = xi+αpi+ωi+1s, where the parameter
ωi+1 makes the residual norm ‖ri+1‖ = ‖s − ωi+1t‖2 a minimal value.

In the present article, the concept of minimizing residual is extended to time span in the
computation of turbulent pipe flow, such that the chosen time-stepping enforces the residual to
a minimum value in the next time-step. Algorithm II in Table II is designed to determine the
time-step size for solving the linear system (Ak +Dk+1)φk+1 = bk +Dk+1φk in each time-step,
where Dk+1 involves the step size ∆t but Ak involves no ∆t. In algorithm II, the coefficient
matrix A0 and the vector b0 are obtained from the initial guess x0, and the residual vector thus can
be defined as r0 = b0 − A0x0. Ak, xk, rk are the coefficient matrix, solution vector, and residual
vector at the k-th time-step, respectively, and the linear system

(Ak + Dk+1)xk+1 = bk + Dk+1xk (4)

is solved at the (k + 1)-th time-step. Similar to the procedure in algorithm I, the solution vector
xk+1 for the (k + 1)-th time step follows both xk+1 = xk + αpk+1 + ωk+1s and Dk+1 needs to
be determined such that the system (4) can be solved.

Since the residual vectors are defined by

rk = bk − Akxk + Dk(xk−1 − xk), (5)
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xk is updated to xk+1 by

xk+1 = xk + αpk+1 + ωk+1s. (6)

Subtracting Eq. (4) by (Ak + Dk+1)xk on both sides of the equal sign, Eq. (4) yields to

(Ak + Dk+1)(xk+1 − xk) = bk + Dk+1xk − (Ak + Dk+1)xk = bk − Akxk.

Substituting Eq. (5) to the above equation, we have

(Ak + Dk+1)(xk+1 − xk) = rk − Dk(xk−1 − xk). (7)

Combining Eqs. (6) and (7), we can determine Dk+1 by the following relation:

(Ak + Dk+1)(αpk+1 + ωk+1s) = rk − Dk(xk−1 − xk); (8)

or the following relation:

Dk+1(αpk+1 + ωk+1s) = rk − Dk(xk−1 − xk) − Ak(αpk+1 + ωk+1s). (9)

Note that Dk+1 is a positive diagonal matrix and diag(Dk+1)j = ρj ·volj
∆tj

, where ρj , volj , and
∆tj are the density, volume, and time-step size for the jth control volume, respectively. Thus, the
time-step size at each control volume at different instant of time is different, which is completely
different from the conventional methods. After the determination of the time-step size in the
matrices Dk+1, the matrices systems are then solved (Ak + Dk+1)xk+1 = bk + Dkxk by
standard Bi-CGSTAB method. That is, the Bi-CGSTAB algorithm is applied twice in one time-
step. Hence, the extra cost of determining the time-step size in the early time-steps is required
only using Algorithm II in Table II. Therefore, not much additional computing time is needed.

V. RESULTS AND DISCUSSIONS

Turbulent pipe flow with uniform inlet velocity and Reynolds number 1.1 × 105 is chosen (the
pipe length and the radius are 72.5 m and 1 m, respectively) as the major test case to demonstrate
the performance of the concept of varying time-step because of its simplicity. A nonuniform
grid of 42 × 46 (shown as in Fig. 1) is employed for the computational domain and there are
7 points placed within the region of y+ ≤ 5. Figures 2(a), 2(b) show the computed relation of
log(y+) ∼ U+ by Chien’s model and Durbin’s model using two different grids: the 42 × 46 grid
and a finer grid of 42 × 64. The nondistinguishable difference by the two-grid system proves that
the finer grid in the y-direction is not necessary. The computed relations of log(y+) ∼ U+ by
Launder–Sharma’s model, Chien’s model, Lin’s models, and Durbin’s model are shown in Fig. 3.
The velocity profiles are not identical, but the distributions are basically similar and acceptable.

In order to demonstrate the effectiveness, four different settings of time-step size are employed:
(1) ∆t is set to a reasonable large number, (∆t)max; (2) ∆t is chosen as a reasonable small
number (∆t)min; (3) ∆t is adjusted by experience or trial-and-error so that a reasonable good
convergence rate and characteristics can be obtained, which is denoted by (∆t)const; (4) ∆t is
adjusted according to the Bi-CGSTAB method and is confined between (∆t)max and (∆t)min.
By the concept of domain of dependence, (∆t)max and (∆t)min are evaluated conservatively as
(∆t)max = L

Uref
· 1

10 and (∆t)min = L
Uref

· 1
100 , respectively, where L and Uref are the travel

distance and the reference velocity in the axial direction, respectively.
Figure 4(a) plots the convergence histories of the axial velocity by Chien’s model. This figure

compares the convergence histories by various choices of time-step size. The observations are
described as follows:
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FIG. 1. 42 × 46 grid for turbulent pipe flow.

(1) Although the residual level drops very fast during the first 30 time-steps for every time-
step of (∆t)max, the residual rises and exhibits large oscillations, which lead to poor
convergence performance.

(2) If the time-step is reduced to a small constant time-step (∆t)min, the residual can be
smoothly reduced to 10−8 in 460 iterations.

(3) After many tests runs, the constant time-step of ∆t ≈ 2.4 × (∆t)min gives us the fastest
convergence rate if the time-step size is constant, e.g., residual is reduced to 10−8 in
410 iterations. The trial-and-error approach to choose the time-step size is not of interest,
because it is tedious and not economical.

FIG. 2. Grid independence for (a) Chien’s model, (b) Durbin’s model: Linear viscous sublayer: U+ = y+;

Logarithmic overlap: U+ = 1
0.41 ln

(
yUτ

ν

)
+ 5.0, Uτ =

√
µ ∂u

∂y
.
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FIG. 3. The relationship of log(y+) ∼ U+ computed by Chien’s model, Launder–Sharma’s model, Lin’s
model, and Durbin’s model: Linear viscous sublayer: U+ = y+; Logarithmic overlap: U+ = 1

0.41 ln
(

yUτ
ν

)
+ 5.0, Uτ =

√
µ ∂u

∂y
.

(4) The proposed concept of determining the time-step size by the Bi-CGSTAB method and
varying the step size at every cell and at every time-step does give the best performance,
i.e., fastest convergence rate among these four histories. Fig. 4(b) plots the convergence
histories of the transverse velocity and the same observations can be concluded as those in
Fig. 4(a).

All these four methods of setting time-step size lead to severe oscillations for solving the
mass conservation equation, and the varying time-step size method is the best strategy to achieve
convergence for all computed variables [Fig. 4(e)]. Among all the computed variables, the conver-
gence histories of turbulent dissipation (ε) computations exhibit large oscillations or instabilities
if large time-step size is chosen.

Among higher-order turbulence models, Chien’s model is one of the models exhibiting rea-
sonable stability and good convergence characteristics. Usually, more complex models need more
experience and special treatment to achieve convergence. Three more turbulence models are cho-
sen to demonstrate the effectiveness of the concept of varying time-step: one well-known model,
Launder–Sharma’s and two recently developed turbulence models, Lin’s k − ε̃ and Durbin’s
k − ε − v2 models. Figure 5 shows the convergence histories of velocities, turbulent properties,
and mass conservation if Launder–Sharma’s model is employed. Highest residual levels and even
large instability oscillations (e.g., ε and mass conservation) are always observed for large time-
step size of a constant value (∆t)max. Decreasing the time-step size to a small value of (∆t)min

stabilizes the residual level and yields smooth histories; moreover, the appropriate choice of the
time-step size to (∆t)const can improve the convergence rate to some extent. The proposed method
of varying the time-step by the Bi-CGSTAB algorithm can further stabilize the computation and
increase the convergence rate. It is noted that small time-step size is required for most of the
time-steps, if high nonlinear turbulence models is employed.

More complicated terms are introduced in Lin’s model, which introduce the degree of insta-
bility. Thus, large irregularities on the convergence histories are observed in Fig. 6, especially
if time-step size of (∆t)max is chosen for axial velocity, dissipation rate of turbulent kinetic
energy, and mass conservation. Best performance by the concept of varying time-step is clearly
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FIG. 4. Convergence histories for turbulent pipe flow by Chien’s model.
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FIG. 5. Convergence histories for turbulent pipe flow by Launder–Sharma’s model.



CONVERGENCE ACCELERATION BY VARYING TIME-STEP SIZE 467

FIG. 6. Convergence histories for turbulent pipe flow by Lin’s model.
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TABLE III. Positions for the referenced points in the computational domain.

(R = 1.0) x = 0.1R x = 35.09R x = 70.48R

r = 0.99993R A1 A2 A3
r = 0.55223R B1 B2 B3
r = 0.03214R C1 C2 C3

shown, especially as the solution is close to convergence and the residual levels are very low.
Since Durbin’s model introduces additional variables v2 and f22, convergence problems are more
serious due to the increased number of equations. It is found that the automatical choice of the
time-step size by the Bi-CGSTAB algorithm indeed improves the convergence rate even more
effectively for a higher degree of complexity of the turbulence model (Fig. 7).

It is interesting to see the time-step variations during computations and the time-step size
at various locations. Table III tabulates the 9 monitored positions where the time-step sizes are
recorded to illustrate the performance. A1, A2, A3 are the points next to the solid wall (r =
0.99993R and R = 1.0 is the radius of the pipe), points B1, B2, B3 are located at r = 0.55223R,
and points C1, C2, C3 (r = 0.03214R) are near the center of the pipe. Since the points A1, A2,
and A3 are located at the viscous sublayer where large values of ∂u

∂y exist, differences of u and
∂u
∂y from the initial guess (inlet value) are large at the beginning of the simulation; therefore, the
calculated value of (∆t)var for these points needs to be small and be adjusted significantly. After
a number of time-steps, a large time-step can be applied, because the computed values are close
to final values [Fig. 8(a)]. Figures 8(a)–(c) show the time-step size distributions for the points A1,
A2, and A3, respectively as solving the axial velocity in the X-momentum equation. In Fig. 8(a),
the chosen time-step size is switched to (∆t)max after about 30 iterations. Figure 8(b) shows that
it takes about 120/140 iterations to reach the time-step size (∆t)max at point A2/A3, respectively,
for solving the X-momentum equation to reach a stable solution. It can be explained by the large
changes of axial velocity need in the increasing x-direction. Figures 8(d)–(f) show the time-step
size distribution employed in the k-equation at points A1, A2, A3, a larger number of small ∆t
is required for the larger x-values.

Figures 9(a)–(c) show the calculated time-step size by the proposed algorithm for points B1,
B2, and B3, respectively, while solving the axial velocity in the X-momentum equation. These
figures also indicate that a larger number of small ∆t is needed for velocity computation in the
increasing direction at r/R = 0.55. Figures 9(d)–(f) display the time-step size calculated at points
C1, C2, and C3 of the developing regime, while solving the axial velocity in the X-momentum
equation. Points C1, C2, and C3 are located near the pipe center, severe change of ∆t is employed.
It implies the large variation implement at C2 and C3.

Figure 10 plots the convergence history for the axial velocity by Chien’s model with the grid
system of 42 × 46 and Reynolds number of 5.5 × 105. There are only 4 points located within the
region of y+ < 5; therefore, the computation converges faster than that for Reynolds number of
1.1×105. If finer grid 57×64 is employed for Reynolds number of 5.5×105 (shown in Fig. 11),
more time-steps are needed and the performance of the proposed method is lower.

For the present method, the time-step size chosen at different points is relaxed to the (∆t)max

eventually after a number of steps; this means that all the elements for Dk+1 are not changed

further, i.e., diag(Dk+1)j = diag
(

ρj ·volj
∆tj

)
= diag

(
ρj ·volj

(∆t)max

)
is fixed after some iterations, and

hence the flowfield can be obtained quickly by the larger marching time-step size. Moreover,
the disadvantages of different choices of ∆t spatially are removed. In conclusion, the proposed
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FIG. 7. Convergence histories for turbulent pipe flow by Durbin’s k − ε − ν2 model.
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FIG. 8. Time-step size chosen for solving X-momentum equation and k-equation by Chien’s model: (a)
point A1 (X-momentum equation); (b) point A2 (X-momentum equation); (c) point A3 (X-momentum
equation); (d) point A1 (k-equation); (e) point A2 (k-equation); (f) point A3 (k-equation).
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FIG. 9. Time-step size chosen for solving X-momentum equation by Chien’s model: (a) point B1; (b) point
B2; (c) point B3; (d) point C1; (e) point C2; (f) point C3.
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FIG. 10. Convergence histories for axial velocity by Chien’s model (Re = 5.5 × 105, grid 42 × 46).

method demonstrates the success in convergence acceleration for turbulent pipe flow computation
using turbulence models in the low Reynolds-number form.

VI. CONCLUSIONS

The varying step-size concept in time span and spatial coordinate systems to achieve fast con-
vergence is proposed in this study. This method determines the time-step size for each control
volume and each time-step based on the concept of residuals minimization in the Bi-CGSTAB
algorithm. Numerical computations for the turbulent pipe flow using advanced turbulent mod-
els in low Reynolds-number forms as Launder–Sharma, Chien, Lin, and Durbin’s models are

FIG. 11. Convergence histories for axial velocity by Chien’s model (Re = 5.5 × 105, grid 57 × 64).
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performed. The convergence behaviors of computations demonstrate that this concept not only
provides a self-determined optimal time-step size, but also leads to fast convergence. Further-
more, the degree of effectiveness of the concept is connected to different degrees of complexity
of the turbulent models and the fineness of the grid system. The effectiveness is more useful as
the model becomes more complex.
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