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Abstract

Using Kleitman’s lemma and results of Sch2onheim and Mikl�os it is shown that if w(D) =
|D|=2, then every maximum-sized intersecting family in D contains all base elements of D.
Then, the converse of this statement is conjectured and shown that this is equivalent to that of
Chv�atal. c© 2002 Elsevier Science B.V. All rights reserved.
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Let X be a Bnite set, P(X ) the power set of X and A ⊆ P(X ). A is called a
downset on X if A∈A and B ⊆ A imply that B∈A. F ⊆ A is called an intersecting
family in A if A∩ B �= ∅ for all A; B∈A. S ⊆ A is called a star in A if there exists
an element x∈X such that x∈A for all A∈ S. Let w(A) denote the maximum size of
an intersecting family in A and let s(A) denote the maximum size of a star in A.
Clearly w(A)¿ s(A). Chv�atal conjectured that there is equality if A is a downset.

Conjecture 1 (Chv'atal [3]). If A is a downset, then w(A) = s(A).

There are two particular interesting cases where the conjecture is true. If A=P(X ),
then w(A) = s(A) = 2n−1, which is the simplest result in intersection theory [1]. If

A= {A⊆X : |A|6k} for some positive integer k6n=2, then w(A)=s(A)=
∑k

i=1

(
n−1
i−1

)
,

which is the corollary of the famous Erd2os–Ko–Rado Theorem [5]. So far Chv�atal’s
conjecture has been veriBed for some further classes of downsets [2,4,7–10]. For ex-
ample, Sch2onheim [8] showed that if the intersection of all maximal members of a
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downset A is non-empty, then w(A)=|A|=2 and Chv�atal’s conjecture is true for A.
On the other hand, Mikl�os [7] showed that if w(A) = |A|=2 then the intersection of all
maximal members of A is non-empty. In this note, we explore Chv�atal’s conjecture
by means of a classical lemma of Kleitman. As an application, we give a simple proof
of Mikl�os’s result. Moreover, we formulate a conjecture and show that it is equivalent
to Chv�atal’s conjecture.

The following lemma is due to Kleitman. We include the proof of it for our
purpose. We Brst need several notations. For A ⊆ P(X ) and x∈X , let A(x) =
{A\{x} : x∈A∈A}; A( Mx) = {A∈A : x �∈ A}. A is called an upset on X if A∈A

and B ⊇ A imply that B∈A.

Lemma 1 (Kleitman [6]). If U is an upset on X and D is a downset on X; where
|X |= n; then

|U ∩D|6 |U||D|=2n: (1)

Proof. We proceed by induction on n, assuming that the result is true for n − 1 and
considering the case n. Let x∈X . Then both U(x) and U( Mx) are upsets, and both
D(x) and D( Mx) are downsets on the (n − 1)-set X \{x}. Note that U(x) ⊇ U( Mx) and
D(x) ⊆ D( Mx), we have

|U ∩D| = |U(x) ∩D(x)| + |U( Mx) ∩D( Mx)|

6 |U(x)||D(x)|=2n−1 + |U( Mx)||D( Mx)|=2n−1

=
(|U(x)| + |U( Mx)|)(|D(x)| + |D( Mx)|)

2n

+
(|U(x)| − |U( Mx)|)(|D(x)| − |D( Mx)|)

2n

6 |U||D|=2n:
Thus the proof is completed by induction.

Remark 1. It is not diOcult to see that equality holds if and only if for all x∈X ,

|U( Mx) ∩D( Mx)|= |U( Mx)||D( Mx)|=2n−1;

|U(x) ∩D(x)|= |U(x)||D(x)|=2n−1

and either U( Mx) =U(x) or D( Mx) =D(x).
In what follows, we always let X be a set of n elements and let D denote a downset

on X . Let F be a maximum-sized intersecting family in D. The set T of minimal
members of F is called a bottom of D. Denote ∇T= {A ⊆ X :A ⊇ T for some
T ∈T}. Clearly ∇T is an upset on X and F=∇T∩D. Let Bot(D) denote the set
of bottoms of D for all the maximum-sized intersecting families.
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An immediate consequence of Lemma 1 is the following corollary, which has been
formulated and proved in [8].

Corollary 1. If D is a downset; then w(D)6 |D|=2.

Proof. Let T∈Bot(D) and U=∇T. Then |U|6 2n−1 since U is intersecting. Hence
by Lemma 1, we have

w(D) = |U ∩D|6 |U||D|=2n6 |D|=2:

A maximal member of a downset D is called a base of D. Let B=B(D) denote
the set of bases of D and let M =M (D) denote the intersection of bases of D. We
say that D is a perfect downset if w(D) = |D|=2.

Lemma 2 (Sch2onheim [8]). If M �= ∅; then D is perfect and Chv'atal’s conjecture is
true for D.

Now we present a characterization for perfect downsets by means of Lemma 1.

Theorem 1. A downset D is perfect if and only if for any T∈Bot(D) and U=∇T;

|U ∩D|= |U||D|=2n:

Proof. Suppose that D is perfect. Let T∈Bot(D) and U=∇T. Then |U∩D|= |D|=2.
Thus by Lemma 1, we have

|U|¿ 2n|U ∩D|
|D| = 2n−1: (2)

But |U|6 2n−1, hence equality in (2) holds, i.e., |U ∩D|= |U||D|=2n.
Conversely, suppose that |U ∩ D|= |U||D|=2n where T∈Bot(D) and U=∇T.

Then by Remark 1, either U( Mx) =U(x) or D( Mx) =D(x) holds for any x∈X . But
U( Mx) =U(x) cannot hold for all x∈X since U �=P(X ). Hence there exists an x∈X
such that D( Mx) =D(x), which implies that D is perfect.

Corollary 2. If D is perfect; then Bot(D) ⊆ Bot(P(X )). In particular; if Y ⊆ X then
Bot(P(Y )) ⊆ Bot(P(X )).

Lemma 3. If T∈Bot(P(X )); N=
⋃{T :T∈T} and N⊆Y⊆X; then T∈Bot(P(Y )).

Proof. Denote U=∇T. Let x �∈ Y . Then x �∈ N , which implies that U(x) =U( Mx). So
|U( Mx)|= |U|=2 = 2n−2. Note that U( Mx) is still intersecting, hence U( Mx) is a maximum-
sized intersecting family in P(X ( Mx)), and therefore T∈Bot(P(X ( Mx))). Continuing
this process, we can Bnally conclude that T∈Bot(P(Y )) as required.
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As an application of the above discussion, we may give a simple proof of the
following result of Mikl�os.

Theorem 2 (Mikl�os [7]). If D is perfect; then M �= ∅ and Bot(D) = Bot(P(M)).

Proof. Let T∈Bot(D) and U=∇T. Then |U ∩ D|= |U||D|=2n from Theorem 1.
Denote N =

⋃{T : T ∈T} and let x∈N . Then U( Mx) �=U(x), which implies that D( Mx) =
D(x) from Remark 1. So x∈M . Thus N ⊆ M . It follows that T∈Bot(P(M)) from
Corollary 2 and Lemma 3. Consequently M �= ∅ and Bot(D) ⊆ Bot(P(M)).

We next show that Bot(P(M)) ⊆ Bot(D) by induction on n.
Let T∈Bot(P(M)) and x∈X \M . Denote D1 =D(x) and D2 =D( Mx). Then Dj

is a downset on the (n − 1)-set X \{x} and M (Dj) ⊇ M (j= 1; 2). Hence T∈
Bot(P(M (Dj))) by Corollary 2. Applying the induction hypothesis to Dj, we obtain
T∈Bot(Dj). So

|∇T ∩D|= |∇T ∩D1| + |∇T ∩D2|= |D1|=2 + |D2|=2 = |D|=2;
which implies that T∈Bot(D). Consequently Bot(P(M)) ⊆ Bot(D).

Thus Bot(P(M)) = Bot(D) and the proof is complete.

We say that D is a full downset if every maximum-sized intersecting family in D

contains all base elements of D.

Corollary 3. Every perfect downset is full.

Proof. Suppose that D is a perfect downset and that F is a maximum-sized inter-
secting family in D. Let T be the set of minimal members of F. Then T∈Bot(D),
which follows that T∈Bot(P(M)) from Theorem 2. Hence T ⊆ M for any T ∈T,
and therefore T ⊆ B for any B∈B. Thus B∈F, and D is therefore full.

Finally, we formulate a conjecture, which has been observed by Mikl�os in [7], and
show that this is equivalent to that of Chv�atal.

Conjecture 2. Every full downset is perfect.

Theorem 3. Conjecture 1 holds if and only if Conjecture 2 holds.

Proof. Suppose that Conjecture 1 is true and that D is a full downset. Then M �= ∅
since there exists a star as a maximum-sized intersecting family in D. Thus D is perfect
by Lemma 2 and Conjecture 2 is therefore true.

Now suppose that Conjecture 1 is false. Then we will Bnd a downset which is full
but not perfect. In fact, let D be a minimum-sized downset violating Conjecture 1.
Then D is not perfect. On the other hand, assume that D is not full, then there must
be a maximum-sized intersecting family in D which does not contain some base B
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of D. Note that D′ =D\{B} is still a downset, hence Conjecture 1 is true for D′ by
the minimality of D, i.e., w(D′) = s(D′). However, w(D)¿ s(D); s(D)¿ s(D′) and
w(D) =w(D′). So w(D) = s(D), which contradicts the hypothesis to D. Thus D is
full and Conjecture 2 is therefore false.
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